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1. Introduction 

A CR manifold is essentially the generalization of a real hypersurface of codimension one 
in a complex manifold, hence an odd dimensional manifold whose tangent bundle splits into 
a complex subbundle, which is the sum of holomorphic and anti-holomorphic directions, and 
another bundle, which is the totally real part. The tangential Cauchy-Riemann operator db is 
then roughly the restriction of the d operator to the complex subbundle. This paper will only be 
concerned with CR manifolds of hypersurface type, namely whose totally real part of the tangent 
bundle is a line bundle, these being the most useful class in the study of functions of several 
complex variables. We shall inquire whether db has closed range on compact, orientable, weakly 
pseudoconvex CR manifolds of dimension 2?7, — 1 embedded in C^, n < N. The closed range 
property is related to existence and regularity results for db and for abstract CR manifolds also 
to questions of embedding. In 1973 in ^j, J. J. Kohn solved the cI-Neumann problem on bounded 
weakly pseudoconvex domains in C” using weights. He then formalized these results, introduced 
a type of microlocalization suited for the study of CR manifolds, and proved db had closed 
range on boundaries of bounded weakly pseudoconvex domains in a complex manifold in his 
1986 paper HU. Mei-Chi Shaw in [20] and Mei-Chi Shaw and Harold Boas in |2j independently 
proved that the range of db was closed on forms of degree n — 3 and n — 2 respectively, on 
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boundaries of bounded weakly pseudoconvex domains in C”. It is in the spirit of P and mi 
that the present paper is written. 

We shall extend the results in jH] and ffH to compact, orientable, weakly pseudoconvex 
CR manifolds embedded in and of codimension higher than one. The proof is done using 
microlocalization by dividing the cotangent space into two truncated cones and the rest with 
some overlap. One of the truncated cones, which we shall call C~^, is taken around the positive 
part of the axis corresponding to the totally real direction of the tangent space, often dubbed 
the ’’bad direction.” Naturally, the other truncated cone C~ is taken around the negative part 
of that axis. Finally, the rest of the cotangent space, including a neighborhood of the origin, 
is often called the elliptic portion and represents the part on which the holomorphic directions 
control the ’’bad direction,” hence we get very good estimates; we shall denote it by C°. To 
keep the main result as general as possible, we make no curvature assumptions on the manifold 
M, thus this division of the cotangent space is only valid locally. Global estimates are then 
obtained by piecing together local ones. 

The idea that really makes the proof work is a new concept: CR plurisubharmonicity. Its 
strength lies in the fact that it is very useful microlocally, and that any plurisubharmonic 
function on is also CR plurisubharmonic. This guarantees that there exists a canonical CR 
plurisubharmonic function on C^, namely the sum of squares of |zj|, where 1 < z < A^. It is 
signihcant to note here that the only part of the proof that uses the fact the CR manifold is 
embedded in is showing the existence of a CR plurisubharmonic function, so in principle, 
these results can be stated more abstractly, as long as the existence of a CR plurisubharmonic 
function is assumed. 

The CR plurisubharmonic function A is then used as a weight function. We impose different 
weight functions on each of C~^ and C~ , namely on C~^ and on C~ , and we construct very 
carefully a covering of the CR manifold so that it satisfies a number of technical conditions. 
Taking all these into consideration, we define a microlocal norm (| ■ 1)^ using a partition of 
unity subordinate to that covering. This norm is equivalent to the norm, but it is much 
better suited for our purpose. We then dehne the energy form Qb,t{-, ■) with respect to it, 
which allows us to prove a very powerful main estimate in Proposition 14.11 Exploiting this 
main estimate, we can prove the various parts of the following theorem: 

Main Theorem 1.1. Let be a compact, orientable, weakly pseudoconvex manifold of 

dimension at least 5, embedded in (n < N), of codimension one or above, and endowed with 
the induced CR structure. Then the following hold: 

(i) The ranges of Bb, its adjoint Bl^ with respect to (| ■ |)^, and the Kohn Laplacian defined 
as Db,t = Bb + Bb are closed in and all spaces for s>0ift is large enough, 
for (p, q) forms such that 0 < q < n — 3, 2 < q < n — 1, and 1 < q < n — 2 respectively; 

(ii) Let the harmonic space Tit consist of forms in Lf for which the energy form is zero. Let 
a be a (p, q) form, I < q < n — 2, such that a T TCt- If a ^ for some s > 0, then 
there exists a positive constant Tg and a unique (p, q) form pt T Tit such that 


QbATt,4>) = (|a,0l)t, 
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V0 e Dom{db) n Dom{dl) and (ft G for all t > 

(iii) If a is dosed (p, q) form, 1 < g < n — 2, then there exists a {p,q — 1) form u such that 

BbU = a 

and if a e for s > 0, then u G 

(iv) If a E C°° is dosed (p, q) form, I < q < n — 2, then there exists a (p, g — 1) form uj G 
such that 

BbOJ = a; 

(v) Let Hl’^{M,Bb), Hf’‘^{M,Bb), and Bb) be the Bb cohomology of M with re¬ 

spect to i/®, and C°° coefficients respectively. Then H^’'^{M,Bb), HP’'^{M,Bb), and 

Bb) are finite for 1 < q < n — 2 and 

Bb) = Bb) = Bb) V s > 0. 


Part (i) shows that Bb and its related operators B^^ and Db^t all have closed range. Part 
(ii) provides a weak solution for t for datum a that is orthogonal to the harmonic space. 
Moreover, the solution has the same regularity as the datum. Dehning the Neumann operator 
Nt in the standard way and using this solution, one solves the Bb problem in part (iii), and once 
again the solution is just as regular as the datum. A Mittag-Leffler type argument as in uni 
shows that starting with smooth datum, one can hnd a smooth solution in part (iv). Finally, 
in (v) it is a standard result for (p, q) forms with 1 < g < n — 2 that the Bb cohomology groups 
with and Sobolev s > 0 coefficients are hnite and isomorphic to each other, given the usual 
Kohn setup for the c)-Neumann problem. A fact not explicitly written in the literature and 
which follows also by a Mittag-Leffler type argument similar to the one used to prove part (iv) 
is that the Bb cohomology group with smooth coefficients is isomorphic to the two cohomology 
groups above, hence also hnite. This is signihcant since there exists no good characterization 
of the Bb cohomology group with smooth coefficients after Michael Christ proved in (3] that for 
worm domains the canonical solution was not always smooth. 

The paper is organized as follows: In Section |2l we give all the necessary dehnitions and 
introduce all the relevant notation. Section El we devote to dehning CR plurisubharmonicity 
globally, giving its local characterization, and proving plurisubharmonicity implies CR plurisub¬ 
harmonicity. In order to keep the notation simple, in Section E] we establish the main estimate 
only for (0,1) forms, which we use in SectionElin order to prove the main theorem also for (0,1) 
forms. Then comes Section El which outlines the proof of the main theorem of all (p, g) forms 
with 1 < g < n —2. Finally, Section [7| and Section El have more or less the status of appendices. 
In Section 0 we state the matrix form of the sharp Carding inequality, a deep result in the 
theory of pseudodiherential operators that is a key ingredient in the microlocatization, whereas 
in Section El we include details of some computations from the derivation of the main estimate 
for the interested reader. 

This work represents the author’s PhD thesis written under the direction of J.J. Kohn at 
Princeton University. 
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2. Definitions and Notation 


Definition 2.1. Let M he a smooth manifold of real dimension 2n — 1. An integrahle CR 
structure is a complex subbundle of the complexified tangent bundle CT(M) denoted by 
satisfying: 

(i) dimcTf’^{M) = n — 1, where is the fiber at each x G M; 

(ii) nr°’^(M) = {0}, where is the complex conjugate of 

(iii) For any two vector fields L and L' in defined on some open subset U of M, 

their bracket given by [L,L'] = LL' — L'L is a section of (the integrahility 

condition). 

Such a manifold M endowed with an integrable CR structure is called a CR manifold. 

We now consider CR manifolds embedded in a complex space C^. The complexified tangent 
bundle of such a CR manifold M, namely CT(M), is a subbundle of T{C^) = C^. 

Definition 2.2. Let M be a smooth CR manifold of real dimension 2n — 1 embedded in , 
N > n. If the complex subbundle of the complexified tangent bundle CT(M) given by = 

Cr(M)nr^’°(C^) satisfies the condition (i) of DeRnition \2.1\. thenT^’^{M) is called the induced 
CR structure on M. 


Notice that in this case conditions (ii) and (iii) of Dehnition o are automatically satished as 
follows: r°’i(M) = Ti’O(M) = CT{M)nT^'\C^) and Ti’°(C^) nTO’^(C^) = {0}, hence (ii). 
Now take any two vector helds L and L' in dehned on some open subset U of M. By the 

dehnition of ri’°(M), L = and L' = E^=lA(^)^, so [L,L'] = E*=i7i(2:)^, 

which means [L,L'] is a section of yielding (iii). We will consider only CR manifolds 

embedded in C'^ which have an induced CR structure on them. 

Let be the bundle of (0, q) forms which consists of skew-symmetric multi-linear maps 

of (T°7(M))^ into C. B^{M) is then the set of functions on M. Since the induced CR struc¬ 
ture is integrable, meaning it satishes condition (iii) of Dehnition 12.11 there exists a natural 
restriction of the de Rham exterior derivative to R'?(M), which we will denote by db. Thus, 
db : BfiM) Bi+\M). 

Note: The main theorem was stated for (p, q) forms, but in fact the holomorphic part of the 
forms is irrelevant for the proof of the result, hence it is entirely appropriate to discard it and 
introduce notation only for (0, q) forms, thus improving the readability of the paper. 

Next, we need to endow CT{M) with an appropriate Riemannian metric: 


Definition 2.3. Let M be a smooth CR manifold of real dimension 2n — 1. A Riemannian 
metric is compatible with the CR structure on M if for all P ^ M the spaces Tp^{M) and 
Tp^{M) are orthogonal under the Hermitian inner product induced by this metric on CT{M). 


Since we are considering only CR manifolds embedded in C'^ which have an induced CR 
structure on them, it is only natural to choose as a metric the restriction on CT(M) of the 
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usual Hermitian inner product on C^. Clearly, this metric is compatible with the induced CR 
structure because (^, = 0 for all 1 < i,j < N. We then dehne a Hermitian inner product 

on by 

where dV denotes the volume element and {(p, the inner product induced on by the 

metric on CT{M) at each x G M. Let || ■ || be the corresponding norm and L^M) the Hilbert 
space obtained by completing B'^{M) under this norm. All the subsequent discussion will only 
concern the closure of db, so in order to keep the notation simple, we will also denote it by 
db- Let us hrst define its domain: 


Definition 2.4. Dom{db) is the subset of L\{M) composed of all forms (p for which there exists 
a sequence of {(pu}v in B^{M) satisfying: 

(i) (p = lim,^^oo (pu in L^, where (pu is smooth and 

(ii) {db(pu}u is a Cauchy sequence in 

For all (p G Dom{db), let Imiy^oodhdv = db(p which is thus well-dehned. We need to define 
next dl, the adjoint of db- Again, we first dehne its domain: 


Definition 2.5. Dom{dp) is the subset of L\{M) composed of all forms (p for which there exists 
a constant (7 > 0 such that 

\{(p,dbip)\ < C\\ip\\ 

for all tp G Dom{db). 


For all (p G Dom{dl), we let did be the unique form in L\{M) satisfying 

= {<P,dbd), 

for all tp G Dom{db). 

The induced CR structure has a local basis Li,..., L„_i for (1, 0) vector helds in a neighbor¬ 
hood U of each point x G M. Let Ui,... ,ujn-i be the dual basis of (1, 0) forms which satishes 
{ui,Lj) = 6ij, where (•,■) is the natural pairing of (1,0) vector helds with (1,0) forms. This 
implies that Li,...,L„_i is a local basis for the (0,1) vector helds in the neighborhood U, 
and cJi,... ,cJn-i is the dual basis for (0,1) forms. Moreover, the tangent space to M in the 
neighborhood U, T{U) is spanned by Li,..., L„_i, Li,..., Ln-i, and one more vector T taken 
to be purely imaginary, i.e. T = —T. Let us now restrict ourselves to orientable CR manifolds 
only, and dehne the Levi form globally. We let 7 be a purely imaginary global 1-form on M 
which annihilates T^’°(M) © T°’^(M). Notice that any two such forms are proportional. We 
normalize 7 by choosing it in such a way that ( 7 , T) = —1. 


Definition 2.6. The Levi form at a point x E M is the Hermitian form given by {d'fx, L A l'), 
where L and L' are two vector fields in U a neighborhood of x in M. We call M weakly 

pseudo-convex if there exists a form 7 such that the Levi form is positive semi-definite at all 
X E M and strongly pseudo-convex if there exists a form 7 such that the Levi form is positive 
definite again at all x E M. 
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Notice that this is a stronger dehnition of pseudoconvexity than it is usually found in the 
literature where 7 is dehned locally, not globally, and pseudoconvexity means (dyx, LAL) does 
not change sign in a neighborhood about x. It will become obvious in the next section the 
reason orientability and this stronger dehnition of pseudoconvexity it permits are necessary. 

For the rest of this section, we shall restrict the discussion to functions and (0,1) forms and 
postpone the dehnition of db and its various adjoints for (0, q) forms with 1 < q < n — 2 until 
Section ini when it is actually needed. In this setup, db is given by the following: If rt is a smooth 
function on U, then 

db{u) = Lj{u) Uj 
j 

If 75 is a (0,1) form on U, ip = ^ • ifi aJj, we have that 

db ^ = dbip’i A Ui) = '^{Liipj - Ljifi + ^ rriijifk) oJ* A uJj , 

i i<j k 

where are in C°°{U). As for the adjoint, d^, 

db<P = Y^ + fiipi) , 

i i 

where /* are also in C°°{U) and L* is the adjoint of Li for each i. 

Definition 2.7. Let P be a pseudodifferential operator of order zero, then another pseudodif¬ 
ferential operator of order zero, P is said to dominate P, if the symbol of P is identically equal 
to 1 on a neighborhood of the support of the symbol of P and the support of the symbol of P is 
slightly larger than the support of the symbol of P. 

In particular, the previous dehnition also applies to cutoh functions which are pseudodiherential 
operators of order zero. 

Since we are working with a parameter t, the following two dehnitions are in order: 

Definition 2.8. A pseudodifferential operator P is called zero order t dependent if it can be 
written as Pi + t P 2 , where Pi and P 2 are pseudodifferential operators independent oft and P 2 
has order zero. 

Definition 2.9. A pseudodifferential operator P of order zero is called inverse zero order t 
dependent if its symbol o'{P) satisfies Dfa{P) = D^p{x,f) = j^q{x,^) for |a| > 0, where 
q{x,f) is bounded independently oft. 

We will work with an inner product on L^M) which will be the sum of three inner products: 
the inner product without any weight dehned above which we will denote from now on by 
( • , ■ )q; the inner product with weight , { ■ , ' )t ~ • , • )q; and the inner product 

with weight e*'*', ( • , • )_^ = • , • )g. Notice that each of these three inner products 

determines an adjoint, so we denote by the adjoint on ( ■ , • )^, by dl’~ the 
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adjoint on ( ■ , ■ )_j, and by 9^’° the adjoint on ( ■ , ■ )g, althongh since there is no weight 
fnnction in this case, eqnals precisely dl- Now let us compute dl’^ and dl’~. Let / be a 
smooth function and (p a smooth (0,1) form, then 

(4/, = {dbf, e-^^p)o = (/, d;{e-^^p))o = (/, A])(p)o = (/, (4* “ t[B;, A])(p)t. 

Therefore, = {B^ - t[Bl, A])(y9 = Y.i U’\Pi) = “ Y.iiLi{pi) + fm - tLi{X)pi), where 

is the adjoint of Lj with respect to ( ■ , • )^. Similarly, 

( 4 /, p)-t = {Bbf, e^^p)o = (/, B;{e^^p))o = (/, e^^{B; + t[B;,x\)p)o = (/, {B; + t[B;,x])p)_t ■ 

So then Bp~p = {B^ +t[Bl, X])p = J2i^'~\Pi) = -J^ii^iipB + fiPi + t^iWPi)^ where 
is the adjoint of Li with respect to ( ■ , • Notice that the two adjoint operators 
and Bl’~ are zero order t dependent, according to the dehnition given above. 

Notational remark: The norms corresponding to the inner products ( ■ , • )q, ( ■ , ■ )^, and 
( • , ■ )_^ will be denoted by || ■ ||o, ||| ■ |||i, and ||| ■ |||_i respectively. The extra bars in the 
notation for the two weighted norms are there to distinguish them from the Sobolev norm that 
will be introduced in Section 01 

We will devote the next section to describing what sort of function A we need for the upcoming 
argument. 


3. CR Plurisubharmonicity 

We restrict our attention to compact, orientable, weakly pseudoconvex CR manifolds M of 
dimension 2n — 1 which are embedded in C'^, where N > n, and have an induced CR structure. 
In other words, we will deal not only with CR hypersurfaces but also with CR manifolds of 
codimension bigger than 1. To accomplish this, we need to dehne a class of functions which 
are plurisubharmonic in the sense that the complex Hessian dehned using the local basis of 
(1, 0) vector helds of M to which we add a positive multiple of the Levi form has to be either 
positive dehnite or semi-dehnite. We shall call this notion CR plurisubharmonicity, and we will 
prove that any strongly plurisubharmonic function on is also strongly CR plurisubharmonic 
on an embedded CR manifold M, and similarly, any plurisubharmonic function on is CR 
plurisubharmonic. 

We start with the invariant dehnition of CR plurisubharmonicity, and then we will eventually 
derive the local expression for CR plurisubharmonicity stated above. Note that this invariant 
dehnition assumes the Levi form is globally dehned, which, as pointed above, amounts to the 
CR manifold being orientable. 

Definition 3.1. Let M be a CR manifold. A C°° real-valued function X defined in the neigh¬ 
borhood of M is called strongly CR plurisubharmonic if 3 Aq> such that {dbBbX — BbdbX) + 
Ho d-j, L A L) is positive definite 'i L ^ where (dy, L A L) is the invariant expression 
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of the Levi form. X is called weakly CR plurisubharmonic if {dbdbX — dbdbX) + Aq d'y, L A L) 
is just positive semi-definite. 

In order to exploit this definition, let us first prove the existence of a special basis in a neigh¬ 
borhood of each point of the CR manifold. 

Lemma 3.2. Let M be a compact, smooth, weakly pseudoconvex CR manifold of dimension 
2n — 1 embedded in a complex space such that N > n and endowed with an induced CR 
structure. Around each point P G M, there exists a small enough neighborhood U and a local 
orthonormal basis Li,..., L„, Li,..., of the n dimensional complex bundle containing TM 
when restricted to U, satisfying: 

(i) Lj|p = ^ for 1 < i < n, where (tci,... ,wm) are the coordinates ofC^, and 

(ii) [Li,Lj]\p = CijT, where T = Ln — Ln and Cij are the coefficients of the Levi form in 
Li,..., Ln-i, Li,..., Ln-i, T which is a local basis for TM. 

Proof: Let P be any point of M, P = (Pi,..., Pat). We can define a new system of coordinates 
Zi,... ,Z]sf in a neighborhood of P in which M has a much simpler form. First, we translate 
P to the origin of C^. Next, we will show that we can construct local CR coordinates in 
which a neighborhood U of M about the origin is given by r{zi, Z 2 ,..., Zn) = 0, Zn+i = 
0, ..., zn = 0, where r is a real-valued smooth function and the outward pointing normal at 
0, Vr(0) = (0,..., 0,1, 0,..., 0), with 1 in the n— position. CT{U), the complexified tangent 
bundle, has dimension 2n — 1, so the normal bundle N{U) must be a subbundle of of 
dimension 2{N — n) -|- 1. Now since T{C^) = , we can take coordinates Zn+i,..., zn so 

that the corresponding vectors : ■ ■ ■, he in ^o(C), the fiber of N(U) at the origin, 
and complete them to a system of coordinates on by coordinates zi,... ,Zn chosen so that 

..., is an orthonormal basis of C'^. Let tt be the holomorphic projection of onto 
C" given by setting Zn+i = 0,..., zp^ = 0. tt is holomorphic, hence it is also a CR map, and it 
is smooth. We want to show that we can shrink U so that tt is a CR diffeomorphism of U onto 
its image. Because of the way the 2 ; coordinates are chosen and the fact that M is embedded in 
C^, (i7r(0) has rank 2n — 1, full rank on To{U), so it is an isomorphism of Tq{U) onto To(7r(P)), 
hence we can apply the Inverse Function Theorem to conclude that if we shrink P, tt is a local 
diffeomorphism of U onto its image, tt is a CR map and a local diffeomorphism on U, so it 
must be a CR diffeomorphism, i.e. its inverse is also a CR map. Now the image n{U) has 
dimension 2?7. — 1, which means the coordinates zi,..., Zn are related by some equation, i.e. 
some r{zi ,..., Zn) = 0. Moreover, Vr is the normal vector to n{U), so we can normalize it at 
the origin to be precisely Vr(0) = (0,..., 0,1, 0,..., 0), with 1 in the n— position, r has to be 
a smooth real-valued function because it is the defining function of a smooth hypersurface. We 
can then parametrize U, the neighborhood of M containing P via 7r~^ and then indeed there are 
local CR coordinates in which U is given by r{zi, Z 2 ,..., Zn) = 0, Zn+i = 0, ..., zat = 0, where 
r and Vr(0) are as specified above. In order to avoid confusion, we shall denote from now on 

Z\,..., Zn the coordinates on C” in which 7r(P) is sitting and by tci,..., the coordinates 
on in which U is sitting. Next we consider a particularly convenient basis on P^’°(7r(P)) 



GLOBAL REGULARITY FOR db 


9 


which we will later pull back to T^’^(U) via tt - -if-j where 1 < i < n — 1, 

^ ^ ^ OZi ^ Vn OZn ' 

^ Let so T' = is indeed purely imaginary, 

as needed. Therefore, 2 '^^,..., 2\,..., -^n-u ^ basis on T{t^{U)). Notice that the 

condition on Vr(0) means rj(0) = 0, rj(0) = §§:\q = 0, rn(0) = 1, and rs(0) = ^|q = 1 

for 1 < i < n — 1. This implies that at the origin 2[ = -^ and T' = -Note that the 

basis ..., £'^,..., 2'^_i,V consists of vectors which are neither all orthogonal to each 

other, nor normalized. What is very convenient about the basis ..., ..., 2'^_i, T', 

however, is that [£', £'•] = Cij T' which is the simplest possible form for this bracket; by Cij we 
mean of course the coefficients of the Levi form in this basis. Let us show this is indeed the 
case: 


Ifl'A'l = £'£' 


£' £' = I -k - ® 


d 


T n. d Zn 


Tf,. 


dzi 

A 

dzi 


r„ dzr 


d 


rj d 


dZn Tf) dZr, 


A 

dZn 


+ 


A 

dzj 


= I nj - 


^ A nj 


r —'Y’ • — —T' — 'Y' ■ 

j' in ^ • j' nn' % 


1 d 

TndZn 


H 

Tn 

1 d 


Tn dZn 


A 

dzi 


!iA 

Tfi. dz„ 


= CpT' 


iiA 

Tfi dZn 
TiW d 


A 

dzi 


Tr. 


dZn 


r n — n — n 

n ' n ' n' n 

Notice that the normalization condition on Vr(0) implies that Cjj(O) = rjj(O). 
We now pull back this basis to T{U) via 7i~^. We set 

L' = d7r-\2[) 


rj d \ 

Tn dZn J 


A = 

T'^d7r-'(£'„)-df-\S.'J 

Since 7i~^ is a CR map, L[,..., L'^_i is a basis for T^’°(f/), and L[,..., L[,..., L'^_i, T' 

is a basis for T{U). Moreover, T' implies [L',L'.] = c[jT', where cL are the 

coefficients of the Levi form in the basis L[,..., . Notice that in fact 

L'l,..., L'^, L'l,..., L'^ spans the n dimensional complex subbundle containing TM. Also by 
construction, (i7r“^(0) is given by 



namely an n x n identity matrix and an n x (N — n) zero block, thus L'|p = for 1 < z < n 

and T'l „ = -This means that at P, the basis L'i,..., L', Li,..., L' is orthonormal. 

Since the lemma requires this to be true for all points in [/, we need to apply the Gram-Schmidt 
process to L'^,..., ..., L'^. So we start with L[ and we let 
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L 2 


L',-{LuL',)L, 
L' -(Li,L')Li 


2 

i=l 


n—1 

Ln-l = 'y ^ 0‘n-l^i^ 
i=l 
n 

in = E 

2=1 

Now let us look at the bracket. The most general expression of the bracket is 

n —1 n —1 

[n, = CjT+ E 4n - E 4it. 

k=l k=l 

since [Lj, Li] = —[Li, Lj], where are functions and Cij are the coefficients of the Levi form 
in the new orthonormal basis. By construction, however, this basis has the property that at P, 
Li = L'i = hence (i), and = ch T' combined with (i) implies = d^ji\p= 0, 

hence (ii). □ 

In the next lemma, we will use the basis constructed above to prove that CR plurisubharmonic- 
ity has the more convenient local expression claimed at the beginning of this section. 

Lemma 3.3. Let M be a compact, smooth, weakly pseudoconvex CR manifold of dimension 
2n — 1 embedded in a complex space such that N > n and endowed with an induced CR 
structure. If A defined on M is strongly CR plurisubharmonic, then 3 Aq > 0 and a basis 
Li,, Ln-i, Li,..., Ln-i, T of TM defined in a neighborhood U of each point P G M such that 
the matrix with entries Sij = \ {LjLi{\) + LiLj{\)) + AoCij is positive definite in a neighborhood 
U' around P which is smaller than U, where Cij are the coefficients of the Levi form in the 
basis Li,..., L^-i, Li,..., L„_i, T. Aq is of course independent of P or U, and the size of 
U' depends on it. If A is weakly CR plurisubharmonic, then the matrix with entries Sij = 
A {LjLi{\) + LiLj{\)) + Aq Cij is just positive semi-definite. 

Proof: This lemma has the same hypotheses about M as the previous one, so from the con¬ 
clusion of the previous lemma we know that in a neighborhood U of each point P & M there 
exists a local orthonormal basis Li,..., L„, Li,..., of the n dimensional complex bundle 
containing TM when restricted to U, satisfying [Lj, Lj] |p = Cjj T, where T = L^ — L^ and Cjj 
are the coefficients of the Levi form in the basis Li,..., L„_i, Li,..., L„_i, T. We will need this 
shortly, but hrst, since A is strongly CR plurisubharmonic on M according to Dehnition 13.11 
the following Hermitian form is positive dehnite: 

(dbdbX - BbdbX) + Aq dy, L A L) 
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V L G where {dj, L A L) is the invariant expression of the Levi form. Let us compute 

then {dhdbX — BhdbX) + Aq dj, L A L) in the basis Li,..., L„_i, Li,..., L„_i, T. 

n-l 

O^X ^ ^ Lj(A) cUj, 
i=l 

where cui,..., Un-i is the basis of (1, 0) forms dual to Li,..., L„_i. We then have 

BhBbX ^ ^ LjLii^X^ UJj A iJi ^ ^ Li(^X^ dbiA^i)' 

ij i 

Let us see what db{uji) looks like. db{uji) is a (1,1) form which in general has the expression 

n—1 

db{uJi) = pj^pj A Uk, 

j,k=l 

for some functions Next we use the Cartan-Frobenius identity that does indeed hold for db 
(see chapter 8 in [T]): 

(^ObUJijLi A Lj) Lj((uj, Z/j)) Lj(^(^ujij 

The hrst two terms of the right-hand side disappear and [Li, Lj]\p = CijT, so 

{db^i, Li A Lj)|p (^i) 0- 

This means dbUJi\p = 0. In other words, Pjk\p = 0 ioi all 1 < i,j,k < n — 1. Clearly, 
db{ZJi)\p = 0 follows as well. We then have 

dbdbX ^ ^ LjLi(^X'j ioj A cVi T ^ ^ Lil^X'jpjj^ ujj A cj/^. 

ij ijk 

Similarly, 

n—1 

Ol)X ^ ^ Li(^X) LOi 
i=l 

hence 

^ ^ UJj A OJi ~h ^ ^ ^b{_^i) 

ij i 

^ ^ ^j^ii.X') A uJi ^ ^ ujj A Ciifc- 

ij ijk 

Since in Definition o L G L = 'jjiSiLi in the local basis which implies L = 

Y^iSiLi. For a general iC G T^’°(M) © r°’^(M), iL = (ei,...,£„_i, pi,..., p„_i) and K = 
(pi,..., Pn-i, ki,..., En-i). This means. 


{ujj A uJi, K A K) = 


QjQi ^i^j 


Qj ^i 
Ej Qi 
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and 


{iOj A Ui, K A K) = 


£j Qi 
Qj £i 


QiQj- 


Now L G so = 0 for 1 < i < n — 1 which implies 


{ujj A Ui, L A L) = —EiSj 


and 


{uj A Ui, L A L) = EjEi. 

The invariant expression of the Levi form (^ 7 , L A L) = Yhij CijEiEj, so we have that 
(2 i^bdb\ — dbdbX) + Aq d'), L A L) = — LjLi(\) EjEi + ^0 Qj 

ij ij ij 

+ 2 ^iWPjk ^ Li{X)p^jf, EkEj. 

ij k ij k 

Now exchange i and j in the first sum and gather the terms to obtain: 

{— {dbdbX — BbdbX) + Aq dj, L A L) = — LiLj[X) EiEj + - LjLjX) EiEj + 2 I 0 EiEj 






LiWPjk ^j^k + - Li{X)pjf, EkEj 


E 




ij k ij k 

- {LjLi{X) + LiLj{X)) + Aq Cij 


SiSj 


+ 2 ^iWPjk ^j^k + - Li{X)p'jf, EkEj 
ij k ij k 

As derived above, = 0 for all 1 < i, J, ^ < R — 1, which means 


(i {dbdbX - dbdbX) + Aq d7, L A L) [ p = 

ij 


{LjLi{X) + LiLj{X)) + Aq c 








(3A) 


A being strongly CR plurisubharmonic, the matrix with entries Sij = | {LjLi{X) + LiLj{X)) + 
Aq Cy is positive dehnite at P, hence in a neighborhood U' around P contained in U. If A is just 
weakly CR plurisubharmonic, the matrix with entries is merely positive semi-dehnite. □ 

Now, let us show that any strongly plurisubharmonic function on is also strongly CR 
plurisubharmonic. 


Lemma 3.4. Let M he a eompact, smooth, weakly pseudoconvex CR manifold of dimension 
2n — 1 embedded in a complex space such that N > n and endowed with an induced CR 
structure. Furthermore, let X he strongly plurisubharmonic on , then X is also strongly CR 
plurisubharmonic. 
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Proof: We apply Lemma 021 to get the particular local basis in which Equation l,‘L1 1 holds at 
point P e M, i.e. 


(2 {dbdbX - dbdbX) + Aq hy, L A L) [ p = 

A' 


(LjLi[X) + LiLj[X)) + Aq Cij 


£iSj 


Now in coordinates 


N 


Li 


which means 


and 


N 


= 

k=l 


N 


d 

dwk 


LiLj 




_ _ 

dwkdwi dwk ^ dwi 

k,l=l k,l=l 


N 


N 


Lj Li yy 


k-i_^^_ 

^ S dwkdwi dwi ’ dwk 




According to Lemma 13.21 fiii. [Lj,Lj]|p = LiLj — LjLi = CijT = Cij{Ln — Ln) so 


N 


^ ^ dwi dwk 

k,l=l 


Cij Lfi 


and 


We can then compute 


so 


N 

E 

k,l=l 


k L ,1^ d 

a,-—(ay 


dwk ^ ^ dwi 


Cij L^i. 


N 


L(M«>)) = Ed 


fc=l 


dX 

dwk 


^ 02 \ 

LiLj(X(w))\p = yy 


p z_^ * ^ dwkdwi 

k,i=i ' 


N 


E“? 


d 


d 


N 

E 

k,l=l 


afa’' 


d^X 


* ^ dwkdwi 


P " Lwk L dwi 


Cij Ln \''J \ p 


(A) 


From Lemma fd.2l til. -Lj|p = ^ for 1 < z < n which means 


iiL(AW)|p = 


an 


dwidwj 


-C,:,(P)L„(A)| 
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Similarly, 


Therefore, we have that 


1 


LjLi{\{w))\ = 


d^X 


- {LjLi{X{w)) + LiLj{X{w 


dwidwj 


d^X 


Cij{P)Ln{X)\p. 

Ln{X) + Ln{X) 


dwi dw. 


iw) -Cij{P)- 


which means that if we take Aq > Hermitian form 


(2 {dbdbX - dbdbX) + Ao dj, LAP) 


will be positive dehnite at P for any L G hence likewise in an open subset of U 

containing P because A is strongly plurisubharmonic and M is weakly pseudoconvex. At each 
P E M such a construction works, and we get a neighborhood Up and a constant A^ . 
is an open cover of M which is compact, so we get a constant Aq which renders the Hermitian 
form 

{dbdbX - dbdbX) + Ao dy, LAP) 

positive dehnite everywhere on M. □ 

Clearly, the proof above also shows that any plurisubharmonic function in the neighborhood 
of M is also CR plurisubharmonic on it, but we get for free something even stronger. On 
there exists a canonical strongly plurisubharmonic function, A(z) = IrP; t^e fact 

that M is embedded in guarantees that it has at least one strongly CR plurisubharmonic 
function on it by the previous lemma. 

For the microlocalization that will be done in the next section, we need to work with an 
orthonormal basis which should also have the property that the bracket of an element of 
with an element of has a fairly simple expression. The most convenient such local basis 
is the one given by the conclusion of Lemma Id.21 We thus know that around each point 
P G M, there exists a neighborhood U and an orthonormal basis of vector helds dehned on it, 
Li,..., Pn, Li,..., Pni such that 


n—1 n—1 

[L.. i,] = cyT + 4 ,Li, - Y, 

k=l k=l 


(3.2) 


l<i,j<n — 1,T = Pn — Pn, and 

[Li, -^j]Ip = CijT. 

This means we can show something stronger. We proceed as follows: In the previous section 
we introduced the adjoint of Pp with respect to the norm with weight function which we 
denoted by and that with respect to the norm with weight function denoted by T*’ 

To take care of both cases at once, let 

L;^^ = -Pp-fp±tPp{x), 
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where fp is a C°° function independent of t. We solve for Lp and plug that into the expression 
for [Li, Lj] from above: 

n—1 n—1 n—1 n—1 

iLi, ij] = c„T - - E - E 4 A ± * E 

k=l k=l k=l k=l 

Since dh|p = dji\p = 0; we conclude that if we shrink the neighborhood U sufficiently, there 
exist functions gij, and Cij independent of t such that 

[Li, Lj] = CijT + ^ aijLk + ^ + Qij ± f e^-, (-3 3 ^ 

k k 

where \eij\ is bounded independently of t by a small positive constant which we denote by e^, 
the snbscript indicating that it is a global quantity: 

|ep'| < ec- 

Let ns now £x some small > 0 and the fnnction A to be the canonical strongly plnrisnb- 
harmonic fnnction, namely A(z) = which is strongly CR plnrisnbharmonic by 

Lemma|S31 Aronnd each point P G M we have a neighborhood V snch that Egnation Id .d I holds. 
Notice that Eanation id.di nses the special basis whose existence is proven in Lemma Fd .21 so each 
V is small enongh that it can be parametrized by a hypersnrface in as done in the proof of 
the above-mentioned lemma. We will employ the covering {V^}^ for the microlocalization that 
follows. 


4. Microlocalization Result 

As mentioned in the introdnction, the main proposition will be proven using microlocaliza¬ 
tion, namely we will divide the Fonrier transform space into three conveniently chosen regions, 
two trnncated cones C~^ and C~ and another region C^, with some overlap. Let the coordinates 
on the Fourier transform space be ^ = (^ 1 , 6 ,..., 6 n- 2 , 6 n-i)- Write = (^ 1 , ^ 2 , • • •, 6 n- 2 ), 

so then ^ The work is done in coordinate patches on M, each of which has 

dehned on it local coordinates snch that is dual to the holomorphic part of the tangent 
bundle and 6 n-i is dnal to the totally real part of the tangent bnndle of 

M spanned by the ’’bad direction,” T. Dehne = {.^ | ( 42 „_i > i|^'| and |(^| > 1}. Then 

= {^ I - ^ e C+}, and hnally = {^ | - ||^'| < ^ 2 n-i < ||^'|} U | |^| < 1 }. Notice that 

by dehnition, C~^ and overlap on two smaller cones and part of the sphere of radius 1 and 

similarly C~ and C^, whereas and C~ do not intersect. 

Let ns now dehne three fnnctions on + |^ 2 n-iP = 1}, which is the nnit sphere in ^ 
space. 'ip~ 1 and are smooth, take values in [0,1], and satisfy the condition of symbols 

of psendodifferential operators of order zero. Moreover, -0+ is snpported in {<4 | P^ 2 n-i > 
and "0+ = 1 on the snbset {.^ | ^ 2 n-i > fl'Cl}- Let then which means that 

is snpported in | ^ 2 n-i < and ?/;“ = 1 on the subset {(^ | ^ 2 n-i < “f 1^1}- Finally, 
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let satisfy = 1 ~ ~ (0)^ which means that -0° is supported in 

C° and -0° = 1 on the subset {^ | — ^\^'\ < ^ 2 n-i < Next extend -0“, and 0° 

homogeneously by setting = 0+(j|i), for ^ in outside of the unit sphere. Similarly, 

let 0“(O = ^ outside of the unit sphere and 0°(O = tor ^ in C° 

outside of the unit sphere. Extend 0’'', 0“, and 0*^ inside the unit sphere in some smooth way 
so that (0"'')^ + (0~)^ + (0°)^ = 1 still holds. Now we have the functions 0“, and 0° 

dehned everywhere on ^ space. We do, however, want to dehne symbols of pseudodifferential 
operators which can produce factors of t in the denominator under differentiation in order to 
cancel factors of t coming from the differentiation of the weight functions which we will be 
using, so we dehne 00(0 = und 00(0 = for some positive 

constant A to be chosen later. Now let \['0, \l/0 and be the pseudodifferential operators of 
order zero with symbols 00, 00, and 0° respectively. By construction, the following is true: 

( 4 ,+)* 4 ,+ + = Id 

In the absence of curvature assumptions on the manifold M, such construction cannot hold 
globally. Instead, it is only true in a neighborhood small enough that it can be parametrized 
by a piece of a hypersurface in C” as in Lemma Id.21 Let {10}/^ be the open covering of M 
mentioned at the end of Section El in which each 10 is such a neighborhood. It follows that the 
operators \['0, \['0 and 11^0 make sense only when applied to a function or form restricted to a 
neighborhood 10 in the covering {10}/^. Furthermore, after one of these operators is applied 
to a function or form restricted to 10, the resulting function or form spreads outside of 10 and 
has to be controlled by multiplying it by another cutoff function. 

Keeping this in mind, we will hnd an appropriate open cover for M which we will 

use in order to construct a convenient global norm, (| ■ 0. We will take a smooth partition 
of unity {0};/ subordinate to it, and for each 0, a cutoff function 0 that dominates it and 
is also supported in U^. By we will understand a (0,1) form p expressed in the local 
coordinates on U^. On each we will dehne pseudodifferential operators d'0y, d'iy, and d'0y, 

as above. Moreover, for each j,, we will take a pseudodifferential operator ^ whose symbol 
dominates that of ^ and is supported in a slightly bigger region of the Fourier transform 
space. Let 50 be the adjoint of with respect to the inner product (j-, -0. We dehne 

p) = {\dhp\)i + (|50(p0. Finally, we can state the main estimate which will be proven 
close to the end of this section: 

Proposition 4.1. Let p be a (0,1) form supported on M, a compact, orientable, weakly pseu- 
doconvex CR manifold of dimension at least 5, and let M be endowed with a strongly CR 
plurisubharmonic function A as described in Section\^ If p satisfies p G Dom{db) H Domipl), 
then there exist constants K, K^, and K[, and a positive number Tq such that for any t >Tq, 

KQuWM + + k’mu > tmi 


V 


(4.1) 
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Note: Since 99 is a (0,1) form, it consists of components (p*, but in order to save notation, we 
write instead of E* IIq- 

Going back to the construction of an open covering for M, let {Uy}y be an open cover with 
the property that for each i/, Uy and all f/^ such that Uy 7 ^ 0 are contained in some 

neighborhood of M in the open cover {V^}^, the covering mentioned at the end of Sectional 
This property is essential for patching up local estimates via changes of variables applied to 
pseudodifferential operators dehned in overlapping sets of the covering of M. It is not imme¬ 
diately obvious such a covering {Uy}y exists given the covering so let us prove this fact 

in the following lemma: 

Lemma 4.2. Let M be a compact Riemannian manifold and let he a given open covering 

of M in the topology induced by M’s metric, then there exists another (finite) open covering 
of M, {Uy}y, such that for each u, 3 with the property that Uy and all Un satisfying 
UynUr, ^ ^ are contained in the neighborhood V^(^y) of 

Proof: Since M is a Riemannian manifold, it can be made into a metric space as follows: Let 
7 be any path in M; we denote by || 7 || the length of 7 in the metric of M. Then for any 
X, y E M we dehne 

\\x-y\\ = inf{|| 7 || | 7 : [ 0 , 1 ] ^ M, 7 ( 0 ) = x and 7 ( 1 ) = y} 

7 

It is easy to check this distance function satishes all the required properties. The topology 
induced by the metric of M is then the topology induced by this distance function. We will 
denote by Brp{P) the open ball in this topology centered at P E M and of radius rp. 

Since {V^}^ is an open cover of M, for any point P in M, there exists a p such that P E V^. 
Moreover, let rp be the radius of the largest ball centered at P contained in V^. Consider the 
open covering {Brp{P)}p^M- Since M is compact, there exists a hnite subcover {R^p.(-Pi)}E=i- 
Without loss of generality, we can assume this covering is minimal, i.e. Vj, 1 < j < G, 3 P E M 
such that P ^ Ui^j BrpXPi)] otherwise, we start with j = 1 and go through I < j < fl, 
eliminating the set Brp.{Pj) if M is contained in B^pfPi) until the covering becomes 
minimal. 

Next, we need to hnd a positive number p by which we can shrink each rp. such that 
{Brp.-p{Pi)}%i is still an open covering of M. Start with j = 1. M \ IJi^i BrpfPi) is a 
non-empty closed set since the covering {Brp,{Pi)}2=i is minimal. There exists then some 
rpi < rp^ such that the open ball of radius rp^ centered at Pi contains M \ IJj^i BrpfPi). Let 
Pi = rp^ — r'p^. We replace Brp^{Pi) by Bp^ (Pi) in the covering {Prp.and then we do 
the same for j = 2 and so on up to G. Finally, 

n 

p = min pj. 

Now let r = |. The open covering {Br{P)}p^M has the property that if Br{P) C Vp for 
some p, then for any P' E M such that Br{P) fl Br{P') 7 ^ 0, Br{P') C V^. Indeed, 3] 
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such that P G Br' (Pj) because {Br' covers M, so Br{P) C Brp.{Pj) C for some 

by construction. Also by construction, for all P' ^ M such that Br{P) fl Br{P') 7 ^ 0, 
Br{P') C BrpXPj) C V^. Take then a hnite subcover of M from {Br{P)}p£M and let that be 
the covering {Up}p. □ 

We only consider compact CR-manifolds embedded in C^, hence Riemannian (endowed with 
the metric induced by the standard metric on C'^) so the previous lemma applies giving us a 
hnite open cover of M, with the required property. Since and can be dehned 

to act on functions or forms supported in they can certainly be dehned to act on functions 
or forms supported in Up for each u, so we let and be the pseudodiherential 

operators of order zero dehned on Up and and Cp be the three regions of the ^ space 

dual to Up on which the symbol of each of those three pseudodiherential operators is supported. 
By construction, the following is true: 










There are only two other conditions that need to be imposed on this covering, both of which 
will become clear once we state and prove the following lemma: 


Lemma 4.3. Let Up and U^ be two neighborhoods of a compact, orientable CR manifold M 
which are defined as above and satisfy Ry fl 7^ 0. If Up and are chosen small enough, 
then there exists a diffeomorphism D between Up and U^ with Jacobian such that: 

(i) n = 0 and Cf fl = 0, where is the inverse of the transpose of 

the Jacobian ofd; 

(ii) Let be the transfers and respectively via H, 

then on | f 2 n-i > \ > (1+e) tA}, the principal symbol of is identically 

egual to 1, on | f 2 n-i < |^| > (1 + e) tA}, the principal symbol of 

is identically egual to 1, and on {^\ — < ^ 2 n-i < and |.^| > (1 + e) tA}, the 

principal symbol of is identically egual to 1, where e > 0 and can be very small. 

Proof: Up and are neighborhoods of the manifold M and if chosen to be very small, a 
diheomorphism D from Up to U^ will be a small perturbation of a translation in their respective 
CR local coordinates. Remember these local CR coordinates exist because they do on each 
Vrj and if Up C R?, then [R C R by construction since Up A U^ ^ A translation has the 
identity matrix as its Jacobian, so will be very close to the identity matrix. In fact, the 
smaller the two neighborhoods Up and [R, the closer will be to the identity matrix. Let 
{x,f) be the coordinates in Up and its dual space. Also, let {y,p) be the coordinates in U^ and 
its dual space. According to HQ, the diffeomorphism d induces a linear map on the dual space, 
so 

Up 3 {x,i) —> {y{x), i7R^(R0 = {y^p) e U^. 

Since and C~ not only do not intersect, but can be separated by open sets, and similarly 
Cf and C“, and since t7R^(a^) is close to the identity for all x E Up, D YJ^^{Cj) = 0 and 
t7R^(C+) n C“ = 0 follow for Up and U^ small enough. Now, apply (R? on both sides of 
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each of these expressions to get (i). So we see that when doing the global microlocalization, 
we do not have to worry about positive truncated cones intersecting the negative ones after 
changes of variables. Now, to show (ii), we need to make use again of material in j2I]. By 
dehnition, the three operators ^-nd 11^°^ have symbols identically equal to 1 on the 

sets {p\p 2 n-i > flp'l and \p\ > tA}, {p\p 2 n-i < -\\p'\ and \p\ > tA}, and {p | - l\p'\ < 
P 2 n-i < ^\p'\and\p\ > tA} respectively. Since 1 is homogeneous of degree 0 in p, their principal 
symbols, which we denote by (7^“^, and ct°^, must also be identically 1 on these sets. Now, 


''i, fif 

let ^md be the principal symbols of respectively. 




^ 0 

fj. 


namely of the transfers via P of the three operators dehned on f/^. IZQ allows us to conclude 
that = (T^f,(y,p), = a;-^(y(x), = 

t/T-l 


a. 


t,/,(y,P), and % is close to the identity for 

t/j, and Ufj, small enough, so it will send the sets specihed in (ii) into {p \ p 2 n-i > i\p'\ and \p\ > 
tA], {p|p 2 n-i < -flp'l and \p\ > tA}, and {p\ - ^\p'\ < p 2 n-i < \\p'\ and |p| > tA} 
respectively, sets on which cr^”^, and are identically equal to 1. This proves (ii). 
Notice that we get the principal symbols identically equal to 1 on truncated cones smaller than 
the ones for y, and y, (namely differing by pieces of annuli of radius e) which merely 

reflects the fact that whereas is close to the identity matrix for Uy and small, it is not 
quite equal to it. □ 


Shrink r a bit in the proof of the Lemma 14.21 such that any two sets in {Uy}y with non¬ 
empty intersection fulhll the previous lemma - this is the hrst condition promised before the 
lemma. Also, let and be pseudodifferential operators which dominate \l/)(^ and 
respectively, where and are dehned on some neighborhood in {Uy}y. and 

are dehned to be inverse zero order t dependent like and We denote by and 
C~ the supports of the symbols of and respectively. We shrink r once again (this is 
just the second time so there is no threat of it going to zero) in the proof of the Lemma |^21 to 
get {Uy}y and dehne and in such a way that for all n such that Uy A ^ 0, the 
following hold: 

(i) Let P be the diheomorphism between Uy and U^ with Jacobian given by the previous 

lemma, then (7i?(C+) fl C“ = 0 and fl = 0; 

(ii) Let be the transfers via P of and respectively. Then the principal 

symbol of is identically 1 on Cy and the principal symbol of ^ is identically 

(hi) c+ n c- = 0. 

This is the second condition on the covering promised before the change of variables lemma, and 
we shall call it Property f. Notice that (ii) is not quite (ii) of the previous lemma, but another 
look at the proof of the lemma will show that it is merely a slight variation which is proven the 
same way. Notice also that if the CR manifold M were not orientable, neither Lemma 14. nor 
Property f would hold, so orientability is a necessary assumption in Proposition 14.11 
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Observation: In order to save notation, the left superscript -d indicating the transfer of a 
pseudodifferential operator into another local coordinate system will be henceforth supressed. 
It will be obvious from the context which pseudodifferential operators need to be transferred 
in order for certain compositions to make sense. 

Let now {Cu}u be a partition of unity subordinate to the covering {Uu}u satisfying ~ 

and for each v let Qy be a cutoff function that dominates Qy such that supp {(u) C Uu- Then we 
dehne the global norm as follows: 




I? + Wi.'KA.v’' 






where is a (0,1) form in L\{M) and is the form expressed in the local coordinates on 
Uy. The reader may refer back to page [7| for an explanation of the norms appearing in this 
expression. Since and ^ actually operate on each component of the form, the 

above expression means 




where ip = PiTDi, but to save notation we will use the hrst expression instead of the second. 
We dehne the norm in the exact same way for functions. This norm depends on the covering 
and its subordinate partition of unity {Cu}u, but that does not matter overall because 
as we will prove shortly any such global norm is equivalent to the norm on M. 

Before doing so, however, let us hnishing dehning the norms we need on M : 


Definition 4.4. Let the Sobolev norm of order s for a form p supported on M be given by: 

ii*’ii2 = EEii4vc,'f>?iii 

77 i 

where as usual A is defined to be the pseudodifferential operator with symbol (1 + . Again, 

to save notation we will write just 

V 

The dehnition for functions is similar. Notice that the Sobolev norm can be dehned in more 
than one way, but that any two such dehnitions are equivalent. 

Let us now prove that the global norm is equivalent to the Lf norm on M. 


Lemma 4.5. For any t, there exist two positive constants depending on t, Ct and such that 


a\\p\\i < {\p\f, < c'Wpw 


2 

0 ) 


where p is a form in L\{M). 
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Proof: 


{M)l = E + IIIC.'i',TC.»>1ir-,) 


Since M is compact, the two weight functions e and have maximum and minimum values 


on it, so for each t, the two norms 


and 


|_t are equivalent to the norm. Then 


there exist two constants Ci^t and (72,* such that 


< 




Take the term \ \C,v^t,vCvH^''\\‘o and express it as 

= 11(1 - (1 - C.))^t%C.<^"llo < 2||^*%C.<d"llo + 2||(1 - 

Technically does not make sense because although is supported in 

spreads out in the whole 2n — 1 dimensional real space used to parametrize U^. One gets around 
this difficulty by noticing that outside the support of u is a smoothing operator, hence 

the outside which is given by ||(1 — Cv)^t,vCyV''\\'i can be controlled by any negative Sobolev 
norm, in particular by | |-i- Therefore, 

for some constant (7_i > 0. Next, apply Plancherel’s Theorem to see that 

W'^lXuv'^Wl = II^mCpIIo < WCuXWl = WCuXWl^ 

because is the symbol of and takes values in [0,1] by construction. We conclude 
that there exists a constant Cu^+ such that \\Ci'^t,uCyX\\'o ^ Cy, + \\CyX\\o- Similarly, there 
exist constants and such that \\C,y^XXX\\o ^ lo \\Ci'^t,uCyX\\o ^ 

which implies that 

{kl>f < E (GillC.'tAC.v’llo + IlC.'i'UtvIlo + 

V 

< E Ti.iC.,+iit^1l? + a,oiic*>’'iio + c,.,c,.4\opA\1) 

V 

<G,,EllC-«’''llo. 

V 

where ( 73 ,* = max {( 7 ,^, 0 , (7i,*(7,^,+ , ( 72 ,*( 7 ,^, _}. {Cu}u is a partition of unity subordinate to the 
hnite covering {U^u of M, so the number of functions C,^ is hnite, and each (^y takes values in 
[0,1], which means HCv^'^llo — llv^llo- Thus, there is exists a constant C[ such that 


(M)?<C3,,EIIC.»>1I?<G 


u 
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To prove ||<p||o bounds (|<p|)^ from below, we use the partition of unity {Cu}u and the cor¬ 
responding set of functions dominating each function in the partition, namely {Cu}iy Given 
= ^ = we have 

I Iv^l lo = (Yl = Y I lo 

U V 

V 

= E (UK-+a - cjj'pyc^iio + ikc + (i - 

V 

+ IKC;^ + (1 ~ Cu))'^t,uCv^''\\o)-, 

since by construction + ^ where Id is the identity oper¬ 
ator. As above, (1— vCv^ and are smoothing pseudodifferential 

operators which implies ||(1 - 11(1and \ \{1 - Cu)'^i^Xu‘d''\\l can 

be controlled by \\L'^luCu‘fi''\\l, and \\Cu'^T,Xu‘d‘'\\l respectively. This means 

the previous expression can be rewritten as follows: 


Ikllo <4E + + 


The two norms 111 ■ 111 1 and 111 ■ 111 _t are equivalent to the norm, so there exist two constants 
and for which 


I|4J||?,<4E(C4,,II|6'1'AC. 




\t + 


lie 


.vl/,%C.^n |2 + G 5 ,t|||C 




if 


PE 


< a > (|||c.d/EC.EIII* + lIC.^EC^EIIo + IIIC.^EC^EIIIE 


= Ctm 


2 
t ’ 


where Gi = max {4,4 G 4 ,i, 4 Gs^t}. □ 

We thus know the global norm is indeed equivalent to the norm. This result has the following 
corollary: 


Corollary 4.6. There exists a self-adjoint operator Gt such that 
for any two forms ip and (f in L\{M). Gt is the inverse of 

E + C..(4'L)‘S'J'?,X. + UK0'Ie‘''I'K.C 
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Proof: Use Lemma 031 and the Riesz representation theorem to see that snch a self-adjoint 
operator Gt must exist. Then notice that 




which implies that Gt and 


are inverses. Notice also that the symbol of Ft is never zero, so an inverse does exist. □ 


For the sake of completeness, we include as a lemma a very elementary fact which will be used 
repeatedly: 


Lemma 4.7. Let ( ■ , ■) he any Hermitian inner product. For any two functions a and jS and 
any small positive number 0 < e 1, the following holds 

-e||a||^ - ^ \\l3\f < 2^{{a,(d)} < e\\a\f + ^ \\(d\f, 

where 11 • 11 is the norm corresponding to the given inner product. 

Proof: Expand \\^/ea— > 0 to obtain that 23fJ{(Q:,/9)} < e||Q:||^ -f- For the 

I— 2 


rest of the inequality, expand —\\\/ea + y- /3|| < 0. 


□ 


Now we need to look at the adjoint of corresponding to the global norm dehned above. 
Notice that since such an adjoint exists for the norm, it follows from Lemma 14.51 and the 
Riesz representation theorem that an adjoint also exists for this global norm. 


Lemma 4.8. Let f be a smooth function and p a smooth (0,1) form on M. 


a;, = a;-tY Cp»L[«. ^1 + * E ^1 

p p 

+ ^ (Cpi^'tycp. ai-CpS-LCp+Cp(>tL)Xpl4* - m, ai, Cp4'LCJC+ 

p 

+ + m, A], CpS-ppCpic+CpiCp'i'.TpCp.^i-Cp't.TpCp+ e, 


where the error given by the psedodifferential operator Ft is of order zero and up to terms of 
one order lower, its symbol is supported in for each p. 


Proof of Lemma 14.81 This is a straightforward and rather tedious computation, so the details 
have been relegated to Section |H1 □ 

Finally, we can compute the global energy form Qb^t{‘P, <f) = (Idb^fDt + ildft'LDt- 


24 


ANDREEA C. NICOARA 


Lemma 4.9. There exist constants K > 1 and Kt > 0 such that for each smooth (0,1) form ip 
on M 

V 

V V V 

V V u 

Proof: Once again, the details can be found in Section |H1 for the same reason as above. □ 

We will be working in each neighborhood Uu separately, so it is necessary to pull db and the three 
adjoints , 5^’°, and dl’~ outside the cutoff functions and the pseudodifferential operators 
and in the previous expression. Notice that the commutators 

[Cu^lvCu^dbf [Cu'^lXu^db], [Cty^t,u,d*b’^], and 4*’”]> are of order zero 

and bounded independently of t since d/^^, and are inverse zero order t dependent 
and the cutoff functions are independent of t, so the errors can all be absorbed in 0{{\p\)l). 
Thus, 

E I \\XHXAp\ I|! = E I AXHX.P + [c.uHXAd,]Oe\ 11' 

V u 

>(i-e)Y,\\\U.KxMt+omf,), 

V 

by the e/-^ trick from Lemma EH The other hve sums on the right-hand side of the expression 
for Qb t(<y9, p) are handled in the same way. Therefore, we enlarge K and Kt slightly again and 
obtain the following expression for Qb^t{.T^ T)-, 

KQiMp) + K,Yi \KTIXA\\1 + 0 ({\p\)1) + OAM\U) 

u 

> E waxkx.pa ]+E U'A'I'IxawI +E \\\xrx%x.p 

u u u 

+ E \\\xxkxa\\\\ + Y. hc.'pLc.vIiE E \\\xxnxA\\t 


' —t 


(4.2) 


Before tackling the main estimate, we hrst prove some local ones, namely for a (0,1) form p 
supported in a neighborhood U of M. We choose an orthonormal basis of (1,0) vector helds 
Li ,..., Ln-i on r^’°(17), which means the dual basis of (1, 0) forms Ui,... ,iOn-i will also be 
orthonormal. Since the local results will be applied in each of the neighborhoods Ui,, it is 
necessary to note that by construction, each Uy has an orthonormal basis of (1,0) vector helds 
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Li,...,Ln-i which satishes Equation 13.HI namely there exist C°° functions ah, and gij 
independent of t such that 

[Li, Lj] = CijT + ^ a'ljLk + ^ + gij + t e^-, ^4 3^ 

k k 


where \eij\ is bounded independently of t by a small positive global constant, ec- Henceforth, 
we will assume the neighborhood U has this property, too. 

Let C be a cutoff function with support in U and ( a cutoff function which dominates it, 
whose support is contained in a slightly larger open set U'. U' is taken to be small enough so 
that we can dehne on it the three pseudodifferential operators of order zero \1/^, and 
supported in C"*", C°, and C~ respectively, as detailed at the beginning of this section. For each 
of the three norms, the t norm, the —t norm, and the zero norm, we need to dehne equivalents 
of •) as follows: 

and 

QL-A4>,4>) = \\\dbmit+\m’-ml- 

Given this notation, we can rewrite Equation 14.21 as 

KQu(<p,<p) + + adLlLi) 


> 




QL+ALiU^<p-,Ln.A.vA + QLoALKA^v’', ( 4 . 4 ) 




Next, we hnd expressions for •) and ■) in a series of two lemmas. 


Lemma 4.10. Let (p be a (0,1) form supported in Lf, p G Dom{db) H Dom{dl). If [Li,Lj] = 
CijT+ Ylik + + gij+ teij, where a^j, gij, and Cij are C°° functions independent 

of t and Cij are the coefficients of the Levi form, then there exists 1 S> e' > 0 such that 

> (1 -e') ^\\\ Lj ( pi \\\] + J2 

ij ij ij 

+ tY^iR:{{eij(pi,(pj)t} + 0{\\\(p\\\]). 
ij 


Proof: Since (p G Dom{d^), clearly (p G Dom{dl’~^). Given p 
= J2i^'\Ti), therefore = |||4*’^V?III? = 

since 


= (pi cuj, we have that 
Ei4(4*’V*,4*’Vi)o Now, 


db L = '^ db{l>i A Ui) = '^{Liipj - Ljifi + ^ rriijifk) uJi A iOj , 


i 


i<j 


k 


26 


ANDREEA C. NICOARA 


where m^j are in C°°{U), the square of the norm of db(p equals the following: 

iiRvlll? = 5^ -1,,>.1111 + o(iii,>iiii + (5^ iiir.,>,iiii) 4 |ii,>iii,) 

i<j i,j 

Next we calculate, 

^ ^ I \ ~ 11 1 ~ ^ ^ 11 11 1 ~ ^ Li(pj)t 

i<j i^j i^j 

~ ^ ^ 11 111 ~ ^ Liipj)t 

i,j ij 

i,j i,j 

= EiiiA^iiit - !;(£•’v.A/V,). - !;([£•’■, 

i,j iJ i,j 


We now combine the results gotten this far, 

= Z iiiAwiiii - 5^(iLr‘,L,i^i,,>,), - x;(£rVi.q'Vj). + x;(A'V..q'V,). 

i,j i,j i,j i,j 

^ iJ 

= ElllA^.III1-E(W’‘'A]»’i.^>). + o(llblll1 + (Elll£.v>lll?)fll,>lll.) 

i,j i,j ^ i,j ^ 

Let e be a very small positive number, then (^ij\\\Liipj\\\l)^\\(p\\\t > -e1111 1 - 
i|||(/7|||^ , which yields the following: 

i,j i,j 

Since LX = -U-f, + tL,{X), 4'] _= [-L. - f^ + tL,{X),L^] = -[L„L,] + L^{f,)- 

tLjLi{X). Moreover, once we split up [L*’ , Lj], the terms which result are no longer real-valued, 
so we have to take their real parts. Using this expression for [L*’ , Lj] and the hypothesis of 
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the lemma about [Li, Lj] we thus obtain 

Qb,+,tiL^ </?)>(!- e) + hifi) - tLjLi{X))ipi,ipj)t + 0(|||(/7||pJ 

i,j i,j 

= (1 - e) 

i,j i,j i,j 

+ «5;;»{(iA.(AM,v,),} + o(||Mll5) 

Li 

= (1 - e) + 

i,j i,j i,j k 

ij k ij ij 

-^s{(L(/i),>..,>T} + *E*{(LU(A),>..,>T} + o(|||^ll| 2 ) 

Li Li 

= (1 - e) J2\\\Ljipi\\\] + J2^{icijTipi, <^j)t} + t^^{{LjLi{\)<^i, 

i,j i,j Li 

+ t ^ ^ 3?{ [eijLpi, 'i^j)t} + E UULtfi, 4 ^j),} + »{(,>., Lt(b%f,)),] 

ij i,j,k ij,k 

i,j iJ 


Notice that 'Eij R(^{i9ijLi, Lj)t} = 0{\\\ip\\\‘i), J^ij Re{{Lj{fi)ipi,ipj)t} = 0(|11(/?|11^), and for 
the same very small positive number e, the following two inequalities hold: 

Re{{Lkifi,a'^jifj)t} > -eYWl^kLilWl + 0(|||v7|||t) 

i,j,k i,k 

E j))t] > -fE + 0(lll»’lll?)- 

i,j,k j,k 

Let j be i and k be j on the right-hand sides of these two inequalities. Then, we plug these 
into the expression for Qj^ ^{(p, p), 


Qb,+,tiL,L) > (l-3e) ^|||LjV9i|||2 + ^3fJ{(cijT(/7i,(/7j)i} + t^3fJ{(LjLi(A)(/7i,(/7j)i} 

Li Li Li 

+ f Pj)t} + 0(|||<dlllt), 

ij 

and we let e' = 3e. 


□ 


Lemma 4.11. Let p be a (0,1) form supported in U' such that p G Dom{db) fl Dom{dl). If 
[Li, Lj] = CijT + (^ij^k + JLk ^ij^k~^ + 9ij - t ^ij, where afj, bfj, Pij, and Cij are C°°functions 
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independent of t and Cij are the coeffieients of the Levi form, then there exists 1 3> e” > 0 for 
which 

qL-Mv) > (1 - £”) E - E*{((E<=")^^^-*’j)->} 

ij ij j i 

-(E»{(iA.(A)^..»>j)-.}+*Es*{((E 

ij j i 

- t + t + 0(111<^| I W). 

ij j i 

Proof: Again, since tp G Dom{dl), p G Dom{dl'~). Notice that we can use the same proof as 
in the previous lemma with t replaced by —t and integrate the cross terms by parts to show 
that 

Qb, ~ ^ ^ 11 I l-t ~ ^ ^X i^i > ^j)-t 

i,j i,j 

+ 0^|||v2|||?_t + lll-h*’ Villl-t) ^ lll<dlll-tl • 

^ i,j ' 

Then we rewrite 11|Lj(/7j||in a convenient form, 

111111 {^LjPi,Ljpf)_i di/jPi,pi)—i (^LjLj pi,pf)_i P ([-^j 1 Lj\pi, Pi)—t 

= (L-'-Vi, LyV.)-. + ijlw. <fiU- 

Smce [L'f'X,] = [-L, - f, - tL,(\),L,] = -lL„Lj] +L,Ui) + 

tLjLj{X), so using the hypothesis of the lemma about [Lj, Lj] and the same method as in the 
previous lemma we obtain that 

Ill4'<d*lll-t = lll^j’“V*lll-t + {[^'~\Lj]pi,pi)_t 

> (1 - 2e') \\\LY^^\\\-t - mCjjTp,, pi).t] + m{{L^L,{\)pi, pi)_i] 

+ t'ik{{ejjPi, Pi)-t} + 0(|||(/:’|||?.J. 

Plug into the expression for Ql _ ^{p, p), unravel the commutator [L*~^, Lj] as above, and again 
use the techniques from the previous lemma to get: 

ij ij ij 

+ tY^{i^jLjWL’i,L’i)-t} - tYiR{{LjLi{X)pi,pj)_t} 
ij ij 

+ tY^{iejj^i^^i)-t} - tY^{i^ij^i^^j)-t} + Oi\\\p\\\-t)- 

ij ij 

Exchange i and j in the second, the fourth, and the sixth terms of the right-hand side and pull 
the summation under i inside the parentheses to finish off the proof of this lemma. □ 
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The upcoming two lemmas concern applications of the Carding inequality for positive semi- 
dehnite matrix operators on and C~. 


Lemma 4.12. Let M he a weakly pseudoconvex CR-manifold and ip be a (0,1) form supported 
on U' such that up to a smooth term, p is supported in C~^, then the following is true: 


Li Li 


where Cij are the coefficients of the Levi form. 

Proof: Let be a pseudodifferential operator of order zero whose symbol dominates p (up 
to a smooth error) and is supported in C"*", a slightly larger truncated cone in the f (Fourier 
transform) space than C^. We proceed as follows: 

pj)t = ^(Ce"*^CyTT+ Pi, CT+ pj) o + smooth terms 
i,j i,j 

= Pi, pj) 0 + smooth terms 

ij 


We need to analyze the symbol of {'^f)*(‘^e~^^CijT'^f. We look first at and then at 

a{{'^f)*C‘^e~^^Cij). Let be the symbol of We note that ct(T) = f, 2 n-i- The symbol 

of the composition is then given by 

0 

because for any other jd, (i^ 2 n-i) = 0. Now, since p is supported in C'^ (up to a smooth term) 
and = 1 on C~^, any of its derivatives will be zero, so a(T\['^) = 

smooth terms when applied to p. Let us show that a{{'^f)*C‘^e~^^Cij) = 'iljf{x,^)('^e~^^Cij on 
. First, since the symbol of T)*" is identically 1 on C~^, it follows the symbol of (T)'')* must 
also be up to terms supported in \ C’*'. This implies 


(T(('F+)*C^e *^Cij) =^^(9f^+(a;,^)Df (C^e 

0 
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= 0 if /? 7 ^ 0 on C+, so indeed cr(('&^)*C^e ^^Cij) = ^^Cij up to errors 

on C° \ C+. Next, let us compute cr((\l/^)*C^e“*'^CijT\l/+): 

cr(($+)-f e-‘V„r®+) = 5^ 1 <^cr(($+)*C"e-'V«)OXT®+) 

a 

a 

on C~^ because Q‘^e~^^Cij is independent of ^ and (x,^) = 1. So now since cr(T) = ^ 2 n-i > iA 
on and (C^e“*^Cjj) is positive semi-definite, we can apply Lemma 17.21 with T as R and 
(^ 2 g-a^_) g^g |-Q conclude that there exists a constant C independent of t such that: 

ij i,j 

= + 0(1114=111?) + o,(||c5?»=||?). 

ij 

where all the errors whose Fourier transforms are supported in C° \ C~^ have been included in 
Oi(IIC>I'?-/=ll§). an error term which we can afford given the setup of this argument, and all the 
smooth errors have been included in 0(||(p||j). □ 


Lemma 4.13. Let ip be a (0,1) form supported on U' such that up to a smooth term, p is 
supported in C~ and {gij) a Hermitian, positive semi-definite matrix, then the following is true: 

Yl^i(9ij{-T)pi,Pj)-t} > tAj2{gijPi,pj)_t + 0{\\\p\\\ffi + OtiWC^'^pWl). 

i,j i,j 

Proof: Notice that we can use the proof of the previous lemma with the obvious modihca- 
tions which do not affect any steps there: Use (•, ■ )_* instead of (■, ■)t, {gif) instead of the 
coefficients of the Levi form, and —T instead of T because on C~, a{—T) = —^ 2 n-i > I A. □ 


Lastly, here is a very elementary linear algebra lemma which will be needed to prove the 
estimate on C~. 

Lemma 4.14. Ifn > 2 and H = {Rf is a Hermitian, positive definite matrix, 1 < i, j < n —1, 
then {5ij ha — Rf is also Hermitian and positive definite. For any n, if H is positive semi- 
definite, then {dijY^^hii — hif is also positive semi-definite. 
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Proof: Diagonalize {hij) at a point to get a matrix: 

/gn 0 ... 0 \ 


V 0 0 ... Qn—ln—lJ 

So Yliga ~ Let C be the transition matrix and I the identity matrix, then we have 

that: 

hu)I - H)C = C-\Y, hu)IC - C-^HC = iY, hu)C-^C - G = CY “ G- 

i i i i 

({T.igii)-gii 0 ... 0 \ 

0 (^. gu) -922 ■■■ 0 

V 0 0 • • • 9ii) gn—ln—lj 

Therefore, if H has more than one eigenvalue, i.e. n — 1>1 <;=> n > 2, then {hij) positive 
dehnite implies ha > 0 Qu > so ga — gjj > 0 for at least one j, I < j < n — 1, 

which means (<5*^ ha — hij) is also positive dehnite. Now, for any n, if we just have that H 
is positive semi-dehnite, i.e. > 0 J2i9ii — 0; then J2i9ii ~ 9jj — 0 Jy which 

implies {6ij ha — hij) is positive semi-dehnite. □ 

Finally, all the necessary lemmas have been proven and we can state and prove the two local 
results that will be used in the proof of the main estimate. 

Proposition 4.15. Let ip G Dom{db) fl Dom{dl) he a (0,1) form supported in U, a neigh¬ 
borhood of a compact, weakly pseudoconvex CR-manifold M. U is taken small enough that the 
pseudodifferential operators T)*", and described at the beginning of this section can be 
defined. Let there exist an orthonormal basis Li,..., of vector fields on such that 

[Li, Lj] = CijT + a^jLk + + 9ij + tcij, where afj, b^j, gij, and Cij are functions 

independent of t, \eij\ < ec for a very small ec, and Cij are the coefficients of the Levi form. 
Also, let M be endowed with a strongly CR plurisubharmonic function X, i.e. 3 Aq > 0 such 
that the matrix with entries Sij = | (LjLfiX) + LiLj{X)) -\- AoCij is positive definite at each 
point x G M, as described in Section\^ Then, there exists a constant Ci independent oft such 
that 

QI+ARTv, cn<p) + OdllCTVIllS + Oi(IIC®?»>llS > Cl illlC'I'.VIIIt (4.5) 

Proof: The three pseudodiherential operators T)*", and are dehned using A = Aq, 
where Aq is the positive constant given by the dehnition of the CR-plurisubharmonicity of 
A. Next, since p G Dom{db) fl Dom{df), it easily follows that C'^tT ^ Dom{db) fl Dom{df). 
Moreover, is supported in Lf and the bracket [Li,Lj\ has the required property, so we 
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apply Lemma 14.101 to to conclude that for some 1 S> e' > 0: 

Ql+AC^tv.C^tv) > (1 - e') E lllLC>ttvi|ll? + 

ij ij 

+1+1 

ij ij 

+ 0(|||C>,VIII?). 

We rewrite the term using the properties of the Hermitian 

inner product as follows: 

tY,mLiL.wc'n‘p„cnn'h} = + L.LAm^t<Pi,c^t<p,)> 

ij ij 

Then apply Lemma l4.12l to the term J^ij (fi, since ( is supported in U', M 

is weakly pseudoconvex and up to a smooth term, the Fourier transform of (p is supported 
in C+: 

i,j i,j 

We put these two together: 

ij i,j 

+ (E(^(Aii(^) + ri4(A))C>t?v..C'i',Vi)< +0(111^^1115) 

ij 

+ t C^t + Ofd |CT°(y9| 0 

ij 

> t ^((2 i^j^iW + Li^jW) + ^0 CpOCtE^d‘dii Vj)t 
ij 

+1Y2 + 0(11 icX^i I \\) 

ij 

+ o*(||cOVlO 

>t{c-eG)mt^\\\l+o{\mi^\\^^^^ 

because A is strongly CR plurisubharmonic and \eij\ < ec, where 1 3> > 0. Thus, there 

exists a constant Oi independent of t such that Equation 14.51 holds: 

□ 
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Proposition 4.16. Let Lp G Dom{db)r\Dom{dl) be a (0,1) form supported in U, a neighborhood 
of a compact, weakly pseudoconvex CR-manifold M of dimension at least 5. U is taken small 
enough that the pseudodifferential operators and 4^^ described at the beginning of this 

section can be defined. Let there exist an orthonormal basis Li,..., L^-i of vector fields on 
such that [Li, Lfi = djT + b’fjLf~^ + gij - tcij, where ofj, h’fp gtj, and etj 

are C°°functions independent of t, \eij\ < ec for a very small positive number ec, and Cij are 
the coefficients of the Levi form. Also, let M be endowed with a strongly CR plurisubharmonic 
function \, i.e. 3 > 0 such that the matrix with entries Sij = | {LjLi{\) + LiLfi\)) + AQCij 

is positive definite at each point x G M, as described in Section\^ Then, there exists a constant 
C 2 independent oft such that 

Q^,t(CXv^,C>t>) + 0(|||C>r^||P_J + 0,(||C5?^||g)>C^ (4.6) 

Proof: Just as in the previous proof, the three pseudodifferential operators d')'", and 
are defined using A = Ao, where Aq is the positive constant given by the definition of the CR- 
plurisubharmonicity of A. Next, ip G Dom{db) Cl Dom{df) implies G Dom{db) Ci Dom{df). 

Also C'^fp is supported in U', so we can apply Lemma f4. Ill to it which gives some 1 S> e” > 0 
for which: 

> (i-e’O 5ZlllANL“»’<lllL + E»{GTC'i'r'f>i.c>trft)-.} 

ij ij 

- E *{(£ 

3 i 

ij 

LiLi{X))C^^ Pj,C'^t Pj)-t} 

3 i 

- 1 5 ^ 3^{(epC4^h Ti, ^ euX'^f pj, pfi-t] 

ij 3 * 

+ o{mfp\\\ii). 

Rewriting two of the terms on the right-hand side gives: 

3 * o' 

j i O 

= - Cij){-T)C^f Pi,c^f Pj)_t} 
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Since ~ Cij) is positive semi-definite by Lemma [4.141 we can apply Lemma Fd.ldl to 

conclude that 

“ Cij){-T)C^-ipi, > t Ao Cii - Cij)C^;ipi, ipj)-t 

ij i ij i 

Also, by a similar manipulation to the one in Proposition 14.15l 

* E *{((E ‘ E mLMyK'K<Pi, QK‘PiU} 

j i ij 

ij i 

= 2 + LiLi{\)) - - {LjLi{X) + LiLj{\))]^'^^ (fi, ^j)-t 

ij i 

We then plug these two into the expression for Ql _ 

> (1 - £”) E + Odllcs-i^lir-,) + o,(||C®?»>ll?) 

ij 

+ ^ 2 LiLi{X)) - - {LjLi{X) + LjLj(A))]C\l>j ipi, V’j)-t 

ij i 

ij j i 

^ ^ ^ ^ ^ij)C^t C^t ^j)—t 

ij i 

- ^ Y1 2 LiLi{X)) - - {LjLi{X) + LiLj(A))]Cthi Pi, C^t Pi)-i 

ij i 

+ t Ao ^((hp Y “ (^ij)C'^t Pi, C^t”Pi)-t - t Y ^{{(^ijC'^t Pi, C^t”Pi)-t} 

ij i ij 

+ *E*{((E'’»)Pi»’i>Pr»’,)-.} + o(iiic>tr»,||iP + o,(iic®?*,|is 

j i 

Since A is strongly CR plurisubharmonic, the matrix with entries Wij = Ao{6ij ~ ^ij) + 

5ij I (LjLi(A) + LjLj(A)) —I (ZjLj(A)+LjLj(A)) is positive dehnite for n > 2 by Lemma 14.141 
i.e. if the CR-manifold M has at least dimension 5 which holds by the hypothesis, and \eij\ < 
cg <C 1, therefore there exists a constant C 2 independent of t such that: 

Q^,t(CXp,cX-p) + 0(IIICXp||P-i) + 0i(IIC^?p||g)>c^^ 

This is exactly Equation Id.bl □ 
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We can now prove the global estimate stated at the beginning of the section: 

Proof of the main estimate: The norm (| •, ■ |)^ is dehned nsing a covering of M, {Uy}^ con¬ 
sisting of neighborhoods on which all the extra hypotheses of the local resnlts, Proposition 14.151 
and Proposition 14.1 til held. Moreover, we take A = Aq, where Aq is the constant of strong CR 
plnrisnbharmonicity of A, in the constrnction of the psendodifferential operators in each Uy as 
explained at the beginning of the proofs of these two propositions. We can thns apply these 
two resnlts to conclnde that for each u, there exist constants Cy^i and Cy ^2 independent of t 
snch that 


QL+AC'nv,cn<p) + odiic'i'^v’iit) + o.(iic>t?»’iiS > a,i(|lic'i',>iii 


and 




-f 


Eonation 14.41 which is the expression for ‘f) can be rewritten as 

KQt,,{v,‘P) + K,Y, llL$tC.‘/'1l^ + 0({k|>?) + 0,(||^||L) 

U 


Notice that since dominates \l/° and Kt grows exponentially with t, Kt J2y I 
^ 2 

controls f | |q up to errors of the type Ot(| |(p| Let 


C = min{min{C^4,C^_2,1}}, 


which exists and is positive becanse the covering {Uy}y is hnite, then Proposition 14.151 and 
Proposition 14.1(11 along with the observation made above imply that if we increase slightly: 

KQu(<P, V) + K, E + 0((|»>|>5 + 

V 

> c E tiWK.tUMWl + IK'i'lAMll + \\\LnAM\t,) = 

u 

For t large enongh, the term (9({|(p|)^) can be absorbed into the right-hand side. Take Tq to be 
the smallest t for which this happens. Then for all t > To, 


a'QwG.U + a'.E +o,(MtA > 0 C({kl> 


Divide throngh by y and call the new constants also K and Kt respectively. Moreover, let K[ 
be a large enongh t dependent constant snch that for all t > To, 

kQoAt,v) + a.E + a; ikllL > t{\<p\)l 


□ 
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Before we conclude this section, we will prove a lemma that will be useful in the next section 
for establishing the existence and regularity results for (9b, namely that Qb,t{. ■, ') controls the 
Sobolev 1-norm of a form whose Fourier transform is basically supported in up to a smooth 
error. First, however, let us show Ql oti' ^ ') controls the 1 norm of such a form, and then we 
will relate •, ■) and Qb,t{ ■, ■)■ 


Lemma 4.17. Let ip be a (0,1) form supported in U' such that up to a smooth term, (p is 
supported in There exist positive constants C and T independent oft for which 

CQlou{T.T) + nT\\l>M\l 


Proof: Since T, Lj, and Lj for 1 < j < n — 1 span the tangent space of M, we have to show 
that Ql ip) controls the T, L, and L derivatives modulo the square of the norm of ip 
on We use the method in T;emma f4.1 Ol with t = 0 to deduce that for some small positive e' 

> ( 1 -eO + + 

ij ij 


For some small positive e 


X;»{(%rv>..V>i)o} > -e^||T»..||S + 0(||^||S). 

ij i 

Consider the sum 

Y^{Tipi,T(pj)o = '^{T*Tipi,ipj)o. 
ij ij 

Since cr(T) = ^ 2 n-i, up to smooth terms controlled by 0(| |v?| lo), a(T*) = Zla = 

^ 2 n-i because C 2 n-i is real and does not depend on x, so D‘f{f 2 n-i) = 0 for (a 7 ^ 0. By 
Plancherel’s Theorem and the dehnition of the region, the previous sum equals: 

^{Tipi,T(pj)o = ^{T*Tp?i,ipj)o = 
ij ij ij 

2n-2 

- \^ATi,Tj)o = 

ij l=l ij 

where C is a positive constant independent of t. Since f is dual to the holomorphic part of the 
tangent bundle spanned by Li,..., Ln-i, -hi,..., Z„_i and L* = —Li — fi, 

there exists some t independent constant C so 

J2\\Tv,\\i < c'j2mjv,\\i+ iiqA.iio)+o(ii*>iiS). 

i ij 

In other words, L and L derivatives control T derivatives up to O(||(p||o) terms. This implies 
that 
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Just as in the proof of the fjemma fJ.I II 

= |l4^*llo + 4]^U y^i)o + ^(ll‘^llo) 

< (1 + 2e) ||Lj(pi||o + '^{{cjjTLpi, Lfi)^] + O(||(p||o), 
where we have also used Equation Id.21 from Section El along with L* = —Lj — fj. Thus, 
^3?{(QjT(pi,(pj)o} > -2C"e(l + e) Y^\\Lj(pi\\l - + 0{\\^\\l). 

ij ij ij 

By the same method we derive 

|lLv>illo + liyVillo + o(|M® 

ij ij ij 

< 2C' e{l + e) ^2 ll4v^*llo + ^ C' 'y^^^{{cjjT(pi, (pi)o} + O(||(p||o), 
ij ij 

which means 

Y,m<k,Tv,,vM < ^||i,^,||2 + o(ii^iiS). 

ij ij 

Therefore, if e is chosen to be small enough, there exists a very small constant e” such that 

Qb,Q,t{‘'Pi‘'P) > (1 ~ e”) ^ 114^/^*110 + ^(llv^llo)) 

ij 

which means ') controls all the L derivatives up to O(||(p||o) terms. Similarly, one 

proves that 

QUtif.f) > (1 - £”) E IILVillS + 0(11^11?), 

ij 

hence that Ql Qt{-, ■) also controls all the L derivatives up to 0(||</3 ||q) terms. □ 

Before showing how Ql Qt{-, ■) relates to Qb,t{ •, ■ )> us relate with using the operators 
Ft and Gt, dehned in Corollary 14.(11 

(|(p, BbBDt = Bb(f>)o = {FtBl^, 0)o + {[Bl, Ftl^p, B)o 

= {\Bl^,B\)t + {\GAdlFt]^A\)t 

We conclude that 

Blt = Bl + Gt[BlFt]. (4.7) 

Lemma 4.18. Let (p be a (0,1) form supported in U„ for some v such that up to a smooth 
term, p is supported in C°. There exist positive constants G' > 1 and T' independent oft for 
which 


G'QbAT.Gtp) + rM\l>\\p\\l 
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Proof: Keeping in mind that Ft and Gt are both self-adjoint and inverses of each other and 
that ~ compute Qb,t{ •, ■) terms of oj( •, ■) using Equation 14.71 

QbA'^A) = {\h<^,db(t)\)t + 

= W)o + + G,R. 

U 

= {dbif, dbFt(j))o + {Bbcp, [Ft, db\(j))o + [Blip, BlFt(t))o + {Blip, [Ft, 4*]^)o 
+ '^^^{CuGBBI, Ft]ip, C,vFtBl(j))o + ''^^^{QvGt[Bl,Ft]ip,(lu[Bl,Ft](f))o + {Blip, [dl,Ft](f))o 

V V 

= Qb,o,t{^^ + {Bb^^^ [Ft,Bb](f))o + {Blip, [Ft,Bl](i))Q + "^^^{(,^0^81, Ft]ip, C^FtBlcfyo 

V 

+ Cv[^biFt]4Bo + {Blip, [Bl,Ft\(l))o 


Take 0 = Gt(p in the previous expression to conclude that 

Qb,t{ip-i Gtp>) = Qb,o,t{^^ {^bip, [Ft, Bb]Gtip)o + {Blip, [Ft, Bl]Gt‘p)o 

+ Ft]ip, CuFtBlGtiph + J2(^uGt[Bl, Ft]ip, Udl, Ft]Gtip)o 

V V 

+ {PhH^-: [Bl-,Ft\Gtip)t)- 

Since both Ft and Gt are of order zero, 


\{dbip, [Ft,db\Gtip)o\ < e\\dbip\\l + T\\ip\\l, 
|(4V, [Ft,Bl]Gtip)o\<e\\Blip\\l + T\\ip\\l, 

(CG,K. F,\p, gK. Ft\G,‘e)a < r| 1^1 IS 


l(a,V, K,-RlG,4,)„|<e|ftviiS + r||,>|| 


0 ) 


and 


I ^ (aG,K, F,\,e, C^F,dlG,p)l < I ^ (GG,K, F,]p, GF,[dt,G,]p)„ 

V V 

+ I {CuF^t[Bl,Ft]ip, Blip)o 

u 

<e\\Blip\\l + T\\ip\\l, 

for some small e > 0 and some large positive T. This means that for some small e' > 0 and 
some large T' > 0, 

Qb,t{ip, Gtip) + BQl Q t{ip, ip) + r'||(y9||Q > Ql^Q^t{v, ip), 

so there exist positive constants C > 1 and T' independent of t such that 

G'Qb,t{ip, + r'||(p||2 > QlQ^t{^, ip). 
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Now we can apply Lemma 14.171 with Uy as U' and as to see that 

Pntting these two together and enlarging C", it follows there exists some large positive T' 
independent of t snch that 

□ 


5. Existence and Regularity Results for the db Operator 

We start by nsing Proposition 14.11 to prove an estimate similar to the one in El- 

Proposition 5.1. Let M be a compact, orientable, weakly pseudoconvex CR manifold of di¬ 
mension at least 5, endowed with a strongly CR plurisubharmonic function X as described in 
Section\^ Given some s > 0, a (0,1) form a G and a (0,1) form ip supported on M 

satisfying ip G Dom{db) H Dom{dl) and 

Qb,t{R^(P) = 

for all (j) G Domidb) H Domipl), there exists a positive number Tg such that for any t > Tg, 
ip E LR^ and 

llv^lls < Oidlall.R ||(p||o), (5.1) 

for some t dependent constant Ct- 

The main ingredient of the proof is the following lemma: 

Lemma 5.2. Let P be a pseudodifferential operator of order p and ip and cf be two (0,1) forms 
such that ip,4> E Dom{db) fl Dom{df), then 

<!>) = Qui'P, + 2 (114, P|v,4i>l>, + 2 (IKj, P]^,8lt<l>\), 

+ {\[[8iW],Sl,]ipA\), +{\[[8lf,P],8b\f,(l>\),, 

where P*’* is the adjoint of P with respect to (| ■ |)j. Moreover, if P is inverse zero order t 
dependent, 

(i) for each small e > 0, there exist constants C and Ct such that 

Qb,t{PR, 0) < QbM + e QbM <t>) + C + Ct (|A"-Vl)? + e m)L. 


Qb,t{P^, P^) < C' QbAL>, P*’'P^) + C' (|AVI)? + Ct (lA^-VDn 
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(iii) and 

R^) < P*’'R^) + c QbA^, R*’'R^) + c {\APip\)t + Ct (|A'’"Vl)? 

+ C(|AV|)^ + a(|A’'-Vl)?, 

where R is a pseudodifferential operator of order r. 


Proof: 

Now, 


Since 


QbAP^A) 


{\d,p^,d,cf\), + {\dAPip,dlM)^ 


{\^l,Pip,^b(l)\)^ = {\Pdi,^,db(t)\)t + {\[db,P]ip,db(j)\)^ 

= {\db^. + (\[db,P]p,db(t)\)t 

= {\dbip,dbP*'A\)t + [P*’\db](t)\)t + 

= {\dbip,dbP*^A\)t + {\[db,P]^,db(t)\)t 

+ (I [P*’^ a,]*’V, + (I ^\)f 


[P*^\dbA^ = {P*^^dbA^ - {dbP*A*’' = dltP - Pdft = Kv P], 


{\dbPip,db(j)\)^ = {\dbP,dbP*’A\)t +{\[db,P]^,db(p\)t +{\[dA,P]^,dlA\)t 

+ {\[[db,t^P],db]ip,(j)\)^. 

Equation 15.21 thus follows. P is inverse zero order t dependent, and the top order term of 

is independent of t, so (i) follows as well. To show (ii) apply (i) with 0 = Pip, and for (iii) use 
both (i) and (ii). □ 

Proof of Proposition I^TTt First, we prove Expression as an a priori estimate, assuming 
p E . By Proposition 14.11 

t(|A>|>f <C(3,,,(AV,AV) + C,(^ ||C.$?,„C.AVII^ + llt=IILi). 

U 

Since 

||C„$”X.AVlC<2 5^ ||C„a-'$?,x.aviiAc’||<p||=_. 

U V 

<C{ Y^ Qw(aA-'$?,X.AV“,G,C„A-'5»X.AV') + ||^||?_i) 

V 

by Lemma [4 .1 81 proven in the previous section and since Gt is not inverse zero order t dependent, 
we can only apply Eonation 15.21 twice, not part (iii) of Lemma [5.21 to obtain that 

IICJAC.AVlC<C,(l|a|lLi + IMlLi)- 
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Part (ii) of Lemma EI21 applied to A®(^) together with the property of ip that 

for all 4> G Dom{db) fl Dom{dl), imply that 

Q,,(AV, AV) < AVI)* + C’ (lAVD? + a (|A^-VI)? 
<a(||a||^ + ||^||Vi) + V + ^)(|AVI)?, 

for some small e > 0. Putting everything together, we see that 

t(iAvi)? < a (ii«ii^ + ii^PiiVi) + V + 6) (|Avi)?. 


In other words, there exists some > 1 such that for all f > T^, 

Vll^^adlall^+IVIlVi). 

The rest of the argument is done by induction. To establish the base case, notice that for any 
0 < s < 1, 


Vll?<a(||a||^ +V||Vi)<a(||«||^ + 


For any s > 1, the induction step is that 


s-l — 


<a(ii«iiVi +VIV 


which implies immediately that 

IVII?<a(||a||^ + ||^||^), 

for all t > Tg. 

Second, we show that indeed ip G H^. We dehne a family of mollihers in the ^ space as follows: 
Let p be a smooth function on [0, cxo) satisfying 

(i) p(0) = 1; 

(ii) 3r > 0 such that p{y) = 1, for all 0 < p < r; 

(ill) ir p(y)^y = 

(iv) p has compact support. 

For each 0 < 5 < 1, dehne 

P5(0 = pvei). 

Now let Sb be the pseudodifferential operator with symbol p^. The operators are smoothing, 
but of order zero with respect to 5“^. Notice also that as h —>■ 0, Ssp> —>■ (p in L^. If we then 
proved that there existed some A < 1 such that ||55(p|d was bounded independently of 5 for 
all 5 < A, this would imply by the Monotone Convergence Theorem that G iP®. This proof 
follows the same line as the one of the a priori estimate: By Proposition 14.11 

< CQt,t(A‘Ss.p,A‘Ss~fi) + C,( + ||Sjt3||L,), 
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for all t > To. Then we apply Egnafion 15.21 to obtain that 


Q,,ti^^Ssip,A^Ss^) = {\A^Ssa,A^Ssip\), + 2{\[dt,A^Ss]^,dkA^Ss^\), 

+ 2 (I[8^-,, A‘S,]^,4'.A*Sw|), + (Ilia. A‘S,1. 

+ (IIK,,.A‘S'j],aiv>,A*Swl),. 

Notice that 

laLA'sj = la.A'iSj + A'iSt.Sj]. 


liak.A*Si],sy = [[a, A*],aysj + [a, a*][s,, 4-,,1 + lA'.aaiia.ai + A'na.ai.Sj*, 


tj! 


and similarly for and [[5^^, A^S' 5 ], 9b]. Since the symbol of Ss has compact support 

and is identically equal to 1 for all |^| < ^, the commutators [9b, Ss] and [Ss, 9^ J have symbols 
that go to zero as 5 ^ 0. The top order terms of 9^^ are independent of t so it follows that 
there exists some A < 1 such that for all h < A 


Qs,t{A^Ssip,A^Ss^) < C {\A^Ssa\f, + C {\A^Ss^\f, + Ct\\Ssip\\U. 

Also, by the same procedure as above, namely Lemma (4.181 and Equation 15.21 

< a(iiSiaiiyi + iisj,>iiyi). 

U 

Altogether, there exists some T” > 1 such that for all t > T" and all h < A, 

The rest follows by induction. For s = 0, ||S' 5 (p||o < Hv^Ho by construction. For 0 < s < 1, 

< a (||a||^ + ll^.v^llLi) < (ll«ll? + IIV^II^)- 

By induction, HAicpIls-i < Ct, for some Ct independent of 5, then 

\WSs^\\l<C,{\\a\\l + C[)<C\, 

for some C"t independent of 5 and all t > T” and 6 < A. □ 


Next, for each t we dehne the corresponding harmonic space to be 

Tit = {if E Dom{db) fl Dom{dl) | 9b<p = 0 and Bl^^p = 0} 

Ht = {(p e Dom{db) n Dom{dl) \ Qb,t{T, t) = 0}, 
and we prove the following lemma similar to Lemma 5.7 of [S]: 
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Lemma 5.3. Let M be a compact, orientable, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisubharmonic function X as described in Section\^ 
There exists some Tq > 1 such that for each t >Tq the space Tit is finite dimensional and some 
t independent positive constant C such that all (p G Domipif) fl Domipl) satisfying ip TTLt with 
respect to the (| • |)^ norm also satisfy 

{\p\ft <CQb,t{p,p). (5.3) 


Proof: By Proposition 14.11 for all t >To and p eHt, 

mf, < cQi.Mv)+ 


L) 




Just as in the proof of Proposition E3 by Tjemma fJ.1 81 


L) 


V u 

= C (E (I<5i.La-'$» 4G,tA-‘5LC-4’''l), 

V 

V 

<Ct\\p\\\, 


since the commutators of and GtCu-^ with db and are of order —1 and 

p EHt- This implies that for all t >Tq and p ETCt, 

t{\p\f,<a\\p\\\. 

In other words, the identity map from to is bounded. By Rellich’s theorem, 

is compactly embedded in H~^ via the identity map, so the same will be true of The 

composition of a bounded operator with a compact one is compact, which implies the identity 
map from to is compact. It follows that the unit sphere of Tit is compact, hence that 

Tit is hnite dimensional for each t >Tq. 

In order to prove Equation 15.31 we assume it does not hold, namely that there exists a 
sequence {pk}k such that {\pk\)t = 1) T Tit with respect to the (| ■ |)j norm, and 

{Mft^kQb^tiTk^Tk)- (5.4) 

From this last expression, one obtains by the same procedure as in the hrst part of the proof 
of this lemma that 

{\Tk\)]<Ct\\pk\\\ (5.5) 

for k large enough. Just as above. Expression 15.51 then implies a subsequence of {pk}k con¬ 
verges in Lf in the (| ■ |)^ norm. Moreover, notice that [Qb,t{-, ■) + (I ' 1)*]^ ^ norm, so 
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Expressions 15.41 and 15.51 together imply that a snbseqnence of {^k}k converges in in this 
norm as well. Thns, we can hnd a snbseqnence {^k } that converges in both norms to some (f. 
Since ip is the limit in the (| ■ \)^ norm, it mnst satisfy (|<y2|)j = 1 and p _L Tit. The fact that 
it is also the limit in the [Qb,t{', ') + (I ' l)t norm along with Expression 15.41 implies that 
p E Ht- We thns have the contradiction we songht. □ 

Note: In order to avoid confnsion, we shall specify that from now on we assnme all orthogo¬ 
nality and all projections to be with respect to the (| ■ |)^ norm. 


Let 


and on we dehne 


Notice that 


^nt = {peL‘^ I {\p,(P\), = oy(j)Ent}, 

nb,t = dbdi, + didb. 


Dom{ni,^t) = {p E \ p E Dom{db) fl Dom{dl), dbp E Dom{d^), dip E Dom{db)}., 

since the eqnivalence of the norm and (| ■ 1)^ implies that Dom{dl) = Dom{dl^). We 
claim that Hb^t is self adjoint. Given that Bb is a closed, densely dehned operator, it is a 
standard fact in fnnctional analysis that both BbBl^ and Bl^Bb are self-adjoint. Still, the 
snm of two self-adjoint operators may not be self-adjoint. In this case, however, = 0 
implies that 7l{Bb) C Af{Bb) which along with another elementary fact that -^7l{Bb) = Af{BlB 
implies that -^J\f{Bb) C Af{BlB- On Af(Db^t) = 0, hence it follows that if we decompose 
each p E Dom{Pib,t) into the orthogonal projection onto M{db) which we shall call pi and 
the rest which we shall call p 2 , then pi E DomipbBlB f^MiBb) so \I^b,tPi = BhBl^pi and 
P 2 E Dom{Bl^Bb) r\Af{BlB so \2b,tP2 = Bl^BbP 2 - The claim follows. Next, we shall nse 
following version of the Friedrichs’ Extension Theorem from [Hj or ra to define Db^t on a larger 
snbset of than Dom(JI\b^t) ■ 


Lemma 5.4. Let H be a Hilbert space equipped with the inner product {■■,■) and corresponding 
norm 11 ■ 11 and Q a positive definite Hermitian form defined on a dense D C H satisfying 

||(p||2 < CQ{p, p) 

for all p E D. D and Q are such that D is a Hilbert space under the inner product Q( ■, ■). 
Then there exists a unique self-adjoint operator F with Dom{F) C D satisfying 

= iFp,(j)), 

for all p E Dom{F) and E D. F is called the Friedrichs representative. 


Proof: For each a E H, we define a linear fnnctional Gq, on D given by 
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Since 

|^^a(0)| < ||a|| II0II 

< C'llall , 

by the Riesz Representation Theorem there exists some ipa & D such that 

Qi^aA) = ia,(f)). 

In other words, that there exists an operator 

T : H 3 a ^ ifa e D. 

The inverse of T is the operator F we seek. Let us show T has an inverse. First, notice that T 
is bounded: 

\\Ta\\^ < CQ{Ta,Ta) 

= C (a, Ta) 

< (T||a|| llTall 

which implies ||Tq;|| < (7110:11. If Ta = 0, (o, 0) = Q{Ta,(j)) = 0 for all (j) E D, but D is 
dense in H, so a = 0, namely T is injective. T is also self-adjoint as follows: 

{Ta,P)=Wi^ 

= Q{Tf5,Ta) 

= Q{Ta,Tp) 

= ia,TP). 

So we set U = 1Z{T) C D, and dehne 

F = T-^ : U ^ H 

which implies that F is self-adjoint, Dom{F) C D, and 

= {Fip,(j)) 

for all ip E Dom(F) and all (/) E F as claimed. □ 

We obtain as a corollary the main existence and regularity results for operators Db,* and df, : 

Corollary 5.5. Let M be a compact, orientable, weakly pseudoconvex CR manifold of di¬ 
mension at least 5, endowed with a strongly CR plurisubharmonic function X as described in 
Section\^ Let a be a (0,1) form such that a T Ht- If a E for some s > 0, then there exists 
a positive constant and a unique (0,1) form pt T Tit such that 

QbA^A) = (l«,0l)t, 

\/ (f) E Dom{dh) n Dom{dl) and pt E LL^ for all t >Ts. Let Nt be the db-Neumann operator that 
maps a into pt- We define Nt to be identically 0 on Fit- Nt is a bounded operator, and if a is 
closed, then Ut = d^^Nta satisfies 

BbUt = a. 
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Moreover, Ut G whenever a E H^. 

Proof: We apply Lemma EiH with as H, {\ ■ |)^ as || ■ ||, Qb,t{, ■, ■) as Q, and Dom{dh) fl 
Dom{dl) n as D. Since Qb,t{-, restricted to is a norm, and given the way db 
and are dehned in Section El Dom{Bb) fl Dom{Bl) fl ^Tit is a Hilbert space nnder the 
corresponding inner prodnct Qb,t{-, ■)• Fnrthermore, smooth forms are dense in and in 
Domidb) n Domidl), and for t large enongh, Lemma E31 guarantees that all ip -LHt satisfy 

< CQb,ti^,^p). 

By Lemma E31 we obtain the Friedrichs representative F and clearly 

F = nb,t 

on Dom{nb^t) Fl inclnding all the smooth forms in and Dom{nb^t) F C Dom{F). 
Moreover, it is easy to see that Dom{DlB fl D Dom{F*). Since and F have been 
shown to be self-adjoint, Dom{Pib,t) F = Dom{F). Finally, it follows from Lemma E3] 
that there exists a nniqne (ft -L Tit snch that 

QbAh^tA) = (|a,0l)t, 

V0 e Dom{db) F Dom{dl) fl Since a _L Ht, however, 

Qb,t{h^t,B) = (|a,0l)t, 

for all B E Dom{Bb) F Dom{Bl), as needed. This proves the existence of a weak solntion for 
□b^t- The regnlarity follows from Lemma I5.1L namely that there exists some T. > 1 snch that 
E for all t >Ts. 

Now, from the proof of Lemma Eil] it is clear that the (9b-Nenmann operator Nt is bonnded in 
L^. By dehnition, Db,* Wa = a when a T Ftf Nta E Dom{\3b^t) becanse as shown above, the 
domain of the Friedrichs representative F eqnals Dom(Db^t) F so 

db Bl^ Nta + Bi t Bb Nta = a 
db{db Bit Nta + Bit Bb Nta) = Bba = 0 
Bb Bi t Bb Nta = 0 . 

Since 

{\Bb Bit Bb Nta, Bb Nta\)^ = (|4*t 4 Nta\)l = 0. 

It follows that 

Bb Bi t Nta = a. 

Let then Ut = Bit Nta. satishes 

BbUt = a. 

Fnrthermore, a F Fit implies Ut T Af{Bb). To show a E Ff^ implies Ut E iL® hrst we claim that 
Nt is a bonnded map from to for all s > 0. The case s = 0 was shown above, whereas 
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for s > 0 we realize that given the dehnition of Nt, Proposition 15.11 a.pplies with ip = Nta, so 
Equation 15.11 can be rewritten as 

11 a| Is < Ci (I |a| Is + 11 A^t a| |o) < (7^ | |q;| |s, 

for some t dependent constants Ct and C^, which proves the claim. Next, we show that 
is bounded as a map from to when s > 0 by showing simultaneously that both it and 
db Nt are bounded. For the (0,1) form a -LHt 

||a,Af,a||J+ ( ||4 a*CA M a||S + IICA'CA*, Af,a||P 

V 

= ( iCv^Xrjdlt 4 Nb a, C,AX, Nb a)o 

V 

+ {C^AXvdb dlt Nt a, Cr,AXnNt a)o ) + errors 

< ||a||s||Nta||s + I errors I, 

where for some small e > 0 and Ct and C't dependent of t, 

|errors| < e (| 14 a| |^ + \ \dltNta\\f) + C't ||Nta||^ + C't (| |4 A^t a| |^_i + \ \dlt Nt a\\l_^). 
Given the result for Nt proved above and noticing that for s = 0 

114 Nta\\-i < G 11 A^t Q;| |o < Ct Iloilo 

and 

||a,*,iVt«||_i<Gt||iVt«||o<G;||a||o, 

we obtain inductively that 

||SiMa||J + |K,,Af,a||=<Q||a||J. 

□ 


Definition 5.6. An operator P has closed range if^aE 7^(C’), where Ti{P) is the closure of 
the range of P, a E P^P)- 

We shall prove that the results obtained above impy 4, 4t) Db^t all have closed range in 
this case. 

Lemma 5.7. Let M he a compact, orientable, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisubharmonic function X as described in Section\^ 
For t large enough, the operators db on functions, 4t on (0, 2) forms, and Db^t on (0,1) forms 
have closed range in and all spaces for s > 0. 
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Proof: We set out by claiming that the following two statements are equivalent: 

(9b a = 0 Bba = 0 

a LHt a 1. 


dba = Q means a G Af{db), whereas a -L Ht is equivalent to a ± Midb) fl It 

follows a _L MidlB. 

”<^=” a _L implies a ± Mipb) fl i-®- ^ -L The claim is proven. 

By Corollary 15.51 the db problem can be solved, so 


9b a = 0 

a ± MiplB 


a e 7l{db). 


As in Section El let L\{M) be the set of (0,1) forms in of M. Thus, the set of closed, (0,1) 
forms in L? decomposes as follows: 


L\{M)nM{db) = n{db)®nt. 

This implies that the range of db is closed. By the same method with db and exchanged, 
we see that the following decomposition holds: 


for t large enough, hence the range of B^^ is also closed. Finally, by Corollary 15.51 Db^t has a 
solution for t large enough, more exactly: 


a -L Tit Oi G 7^(nb,b). 

Therefore, 

Ll{M) = n{nb,t)®Tit, 

hence □b,f has closed range in L^. Notice that the regularity results contained in Corollary 15.51 
imply that the ranges of Bb, (9^^, and Db,* are also closed in i/* for s > 0. □ 


Sj{M) = {/ G Dom{db) I dbf = 0}. 

Then the Szego projection Sb^t is the operator that projects L?‘{M) to Sj{M) in the (| ■ |)^ norm. 

Facts about the Szego projection: 

(i) For all t > Tq, 

Sb,t = i-Bl,NtBb, 

where / is the identity operator; 

(ii) S'b,t is exact regular for t large enough, i.e. it is a bounded operator from to for 
all s > 0. 


GLOBAL REGULARITY FOR db 


49 


We shall now provide proofs for both of these facts. The hrst one was proven by J. J. Kohn 
for the Bergman projection, which is an object similar to the Szego projection, except that the 
former pertains to domains whereas the latter pertains to the boundaries of domains or to CR 
manifolds. See for example jT2]. 

Lemma 5.8. Let M be a compact, orientable, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisubharmonic function A as described in Section\^ 
then 

for all t >To. 

Proof: If / G Sj{M), then (J — f = /, so the expression for Sb,t holds. Now, if 

/ T 9){M), we want to solve the problem 

dbU = db f. 

According to Corollary 15.5L for alH > Tq, m = dl^Ntdb f is a. solution, which implies that 

4 {u- f) = 0, 

i.e. that u — f E I claim that u T S){M). Indeed, W g E Sj{M) 

{\dltNtdbf,g\)^ = {\Ntdbf,dbg\)t = 0 . 

Since / T it turns out that u — f T therefore, u — f = 0. Thus, — W Bb) f = 

0, as expected. The formula for Sb^t thus holds on the two orthogonal subspaces composing 
Dom{Bb), hence on all of it. □ 

For the second fact about the Szego projection, we point the reader to jl] for a proof of the 
similar result in the case of the Bergman projection, noting that we shall give a different proof 
here: 

Lemma 5.9. Let M be a compact, orientable, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisubharmonic function A as described in Section\^ 
then for t large enough, Sb,t is bounded as a map from to for all s > 0. 

Proof: If / G S^{M), then Sbu is the identity, and there is nothing to prove. Otherwise, let 
Bb f = a and by Corollary 15.51 for each t > Tq there exist a function Ut T io(M) and a (0,1) 
form (ft T Lit such that Bb f = BbUt = a, Nt a = (ft, and = Ut. We need to show that 

there exists a t dependent constant Ct for each s > 0 such that 

\\Ut\\s<Ct\\f\\s. 

The hrst step is to show that there exist constants C and Ct such that 

{\A^Ut\f, < C (|A7|)? + (lAVtD? + (|A^-Vtl)?. 
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We proceed as follows: 

= {|[W,a:,] + (|AVi, [4, W] u,\), + (|AV„ W4/I), 

= {|[W,ay + (|AV*, [a, A^] u,\\ + (|AVt, [A^a]/|), 

+ (|K„A>„A7|), + (|A*«oAVI)i 

< C (|A7|)? + C (|AV,|)J + C, (|W-Vi|)' + 6 (|A*«i|)?, 

for some small positive e > 0, which concludes the proof of the first step. As a second step, we 
would like to show that for t large enough and some small positive e > 0 independent of t, 

(lAVti)? < a (|A7I)? + a (|A^-VI)' + e {\A^u,\)l 

We start by using Proposition 14.11 to conclude that for t large enough, 

i{|AV,|>? < Ce„(AV„ AV,) + c,{ ^ ||6$?..C.AVnC + ll»’<llLi). 

U 

Using that Qb,t{‘^t,4>) = {\o(y4>\)t G Dom{dh) H Dom{dl), part (ii) of Lemma E3 and a 
manipulation similar to the one in the first step, we obtain that 

Q,,(AVt, AVO < C' (|A7I)? + (lAViD? + a (|A^-VtD? + 6 

for some small e > 0 independent of t, whereas by Lemmaalong with part (i) of LemmaE!21 

5^ iic®Ac.AvriC < c( (3j,,(6A-‘$?..c.A>r.G,u-‘$?.„cA>r) + iiv><iiLi) 

U U 

< E (ICA-‘®?,„CA”4/, G,6A-‘5tC.A>ri), + C, (|A”-V,|)f 

V 

+ £ E «w(G<GA"‘$?..GAV“,G,C„A"‘$?,„CAVr)- 

V 

Gt is self-adjoint, so it can be moved to the other side of the first term of the right-hand side, 
which implies 

E iiG$Ac.A>riC s o (|A”/L + G, {iA-v,i)f 

V 

+ £ E «v(GiC-A"‘$LC-A>r,G,GA-‘$tGAX)- 

V 

Since Gt is not inverse t dependent, the last term of the right-hand side is handled using just 
Eauation l5.2l and not any of the simpler parts of LemmaFrom the five terms thus obtained, 
three are easily estimated as above and only two require a further explanation, namely 

{|[a.G,GA-'®?„GA‘]i,rAG,GA-'®?„GAVrl>, 


{IK,,G,GA-‘<I-?_XA>r,awG,C„A-'>I>"„C.AXI>,- 


and 


GLOBAL REGULARITY FOR db 


51 


Clearly, what needs to be done is to commute Gt outside of db and respectively and then 
to throw it onto the other side where it is harmless. Thus we obtain that 

5^ ||C„®?T.AVrilJ < C, {|A7I)? + C, {|A-V,|>J + e' {|AV,|>? 

V 

for some small e' > 0 independent of t, so altogether, 

< Ct (|AVI)? + (lAVtD? + (|A^-VtD? + e (|A*«i|)^ 

where e is the small, positive, t independent constant from the estimate for Qb^t{A^<ft,A‘^(fit)- 
Let t be large enough that C {\A^ipt\)^ can be absorbed on the left-hand side; then, step two 
follows. Steps one and two show that 

(|A^rr,|),^<a((|A7|)? + (|A^-Vt|)?. 

Now, by Lemma 15.71 both Bb and B^^ have closed range in and any space for s > 0. It 
is an elementary application of the Closed Graph Theorem (see for example Section 4.1 of jl]) 
that closeness of range in of B^^ is equivalent to the following estimate for s > 1 

(|A-vi)i<a(|A-^*l),. 

Therefore, 

{|A*«,|)?<C,((|AV|)? + (|A-V|)?). 

We now pass to the usual Sobolev norms since (| ■ |)^ is equivalent to the norm and restate 
the estimate as 

\M^s<Ctm\i+\\ut\\U). 

Since the orthogonal projection is a bounded operator in 

lkllo<a||/||o, 

thus we proceed inductively to hnish the proof of the lemma. □ 


Using these facts about the Szego projection and a Mittag-Leffler-type argument, one can hnd 
a smooth solution to the Bb problem when starting with smooth data. This proof originally 
appeared in ng. 


Lemma 5.10. Let M be a compact, orientable, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisubharmonic function X as described in Section\^ 
If a is a closed (0,1) form such that a G then there exists a function u G C°°{M) 

satisfying BbU = a. 

Proof: By Corollary 15.5L for each k = 1,2,..., there exists some Uk G such that Bb = a. 
We will modify each by an element of Af{Bb) in order to construct a telescoping series that 
is in for each fc > 1. To do so, we need to show hrst that DAf^Bb) is dense in nAf^Bb) 
for each s > k. Let g be any element of r\Af{Bb). Smooth functions are dense in all 
so there exists a sequence {gi}i such that gi G C°°{M) and gi ^ g in H^. Bbg = implies that 

g - Sb,t g = Bit NtBbg = o. 
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SO g = Sb,t 9- Let g[ = Sb,tgi- g'i £ (^Mipb) since the Szego projection is bounded as a map 
from to and for the same reason, g[ g m Thus indeed, r\M{db) is dense in 
n A/'(5fe). Using this fact, we inductively construct a sequence {uk]k as follows: 

Ui = Ui, 

U2 = U2 + V2, 

where V 2 G fl J\f{db) is such that 

11^2 - hilli < 

and in general, 

hfc+i = Ufc+i + Ufc+i, 

where Vk+i G fl Af{db) is such that 

I I’J^fc+l Uk\ |fc ^ 2 

Clearly, BbUk = a, so we set 

OO 

u = uj + ^(hfc+i - Uk), J G N. 

k=J 

It follows that u G for each k eN, hence that u G C°°{M) and BbU = a. □ 

Following the method in |H], we shall prove next that as t increases, the harmonic spaces Tit 
get smoother and smoother. For that, however, we need the following elementary result: 

Lemma 5.11. Let {(pk} be a sequence of (0,1) forms such that ||v?fc||s < C, for some C 
independent of k, then there exists a subsequence {pkj} which converges to some p E in 
each H^' with s' < s. 

Proof: Since M is compact, by Rellich’s theorem, there exists a subsequence of {pk} which 
converges to some p, where p E for all s' < s. ||v?a:||s < C implies the subsequence which 
converges to p in each also converges weakly to some p' in because is a separable 
Hilbert space. We shall show that p = p' almost everywhere. According to ra §38, a theorem 
of Banach-Saks guarantees that in every Hilbert space, a sequence that converges weakly has 
a subsequence whose arithmetic means converge strongly to the weak limit. Let {pkj} be the 
subsequence of {pk} whose arithmetic means converge strongly to p' in iL® hence also in 
Since {pkj} converges to p in it follows its arithmetic means also converge to p in H^~^. 

It is then easy to see that indeed p = p' a.e. which means p E H^. □ 

Remark: It is not true in general that the subsequence {pkj} converges to p in as well, 
else it would follow that were hnite dimensional, which is clearly not true. 

Lemma 5.12. Let M be a compact, orientable, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisubharmonic function A as described in Section\^ 
For t large enough, TF* C iF®. 
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Proof: Let dim7-^t = S and 0i,..., 6*5 be a basis for TY*. If S' = 0, there is nothing to prove; 
otherwise, assnme 6^0 = 0 and 6j G for all 0 < j < / < S'. We shall constrnct some 
0 G n 7-fi snch that (| 6 *|)^ = 1 and (l^, 0j\)^ = 0 for all j < 1. Dehne a form ■, ■) as 
follows: 

Qb,ti^: 4>) = Qb,t{^^ 

There exists then some constant Ck depending on k snch that 

m]<CkQU^,^). 

Let a G iL® be a (0,1) form snch that a T dj for all j < I and a is not orthogonal to ^z+i, then 
by Lemma EH there exists a nniqne ipk G Dom{db) H Dom{dl) snch that 

Qb,ti^k,(l>) = (|a,0|)i, 

for all 0 G Domidb) H Dom{dl). Moreover, the additional term | {\tp, 4>\)^ present in Q^ti ‘) 
does not prevent a proof similar to that of Proposition 15.11 to be carried throngh in order to 
show that for t large enongh, ipk ^ and 


11 11 s ^ Ct (11Q? 11 s T II ^k 11 0 ) ) 


(5.6) 


where C* is a f dependent constant. We claim that the seqnence {||(/?fc||oj/e is nnbonnded. 
Assnme that it is bonnded, then by Eqnation 15.51 and Lemma 15.111 there exists a snbseqnence 
{(pfc.} which converges in each for s' < s to some (p G . Moreover, ip satishes 


QbAv’^^f’) = (l«>l)t) 

for all 4> G Dom{db) r\Dom{dl). Let cp = 6j in order to obtain a contradiction. It tnrns ont the 
left-hand side is zero for all j, whereas the right-hand side is non-zero for j = / -|-1. The claim is 
established. It follows that there exists some snbseqnence {ifkA snch that limj^oo | I'y^’fcil 1 0 = cxd. 
We set 7 i = m and note that then 

WvkiWo 


QtAl^A) = 


{AA\)t 

ll‘dfcil|o 


(5.7) 


Once again, by Eonation 15.51 and Lemma 15.111 there exists a snbseqnence of { 7 i}i which con¬ 
verges in each for s' < s to some 9 G . 6 is snch that (| 6 *|)j = 1 and Qb,t{9A) = 0) i-e- 
6 G Ht- Finally, Eonation 15.71 with cp = 9j for 0 < j < / implies {\9Aj\)t = 0 as needed. □ 


Now, the last lemma of this section: 


Lemma 5.13. Let M he a compact, orientahle, weakly pseudoconvex CR manifold of dimension 
at least 5, endowed with a strongly CR plurisuhharmonic function A as described in Section\^ 
Then 
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Proof: We start by proving that Bb) = Bb). Let t be large enough that by the 

previous lemma, Tit C and such that t > Tg, where Tg is the threshold value of t given by 
Corollary 15.51 in order for the Bb problem with iL® data to be solved in iL®. We define 


TTi,, : //® ^ Ht. 

The previous lemma then implies that nt^g is surjective. Now let a, /3 G iL® be such that 
7 it,s{c() = Since 7 it^s{a), 'Kt,s{P) G it follows a — /? G iL®'. By Corollary 15.51 a (3, 

hence TTt^s is also injective as a map from Bb) to Tit. By the same procedure, the map 

is bijective, so Bb) = Bb). Next, we shall prove that Bb) = Bb). 

Let us take another look at the map 

7i't,o '. ^ 'Ht. 

Titfi is a linear operator which is bounded in and has norm 1 . Also, C°° is dense in namely 
'i (.p & Li^ and V e > 0, there exists some (f> G C°°{M)^ such that 

- 0l|o < e. 


which implies 

- VTt,0011 0 = lkt,o(v? - 0)||o < llv? - 0||o < e, 

so T:tfi{C’^{M)) is dense in Ht. By Lemma Fh.hi Ht is a finite dimensional vector space, therefore 
the span of ■ntfi{C°°{M)) has to be the whole of Ht. In other words, there exist some 0i,..., 05 G 
C°°{M) such that 7rt^o(0i), • • • ,'^t,o{(f>s) is a basis for Ht. It follows 




: L?' 1 —^ Ht 

C°°{M) 


is surjective. In order to prove that o is injective as a map from Bb) to Ht one has to 

employ a Mittag-Leffler type construction similar to the one used in the proof of Lemma f5 . 101 
Let a G C°°{M). We shall construct some 9 G C°°{M) such that a ~ d in each iL®, hence also 
in (7°°. To start, we set do = 7^t,o{ci) which means that a ^ 9o in Next, for each s G M, 
s > 1 we can choose some tg such that Ht^ C iL® and the Bb problem with iL® data can be 
solved in iL® by the previous lemma and by Lemma f5.51 We shall use the maps 


^ Ht^. 

Clearly, 7 rij^i(Q;) — 7 rtfi{a) = BbBo, for some Bo £ L^- Since Bb is defined as a closed operator, 
there exists a sequence {Bo,j}j such that Boj ^ Boj Bo in and BbBo,j BbBo also 

in LB. Define 6 i = 7 rt^^i(a) — BbBoj, where j is chosen so that H^'o — 6 ii||o < 1. Similarly, 

7 rt 2 , 2 (<A) — '^ti,i{c() = BbBi, for some Bi ^ H^- Since the range of Bb is closed in each if® 
space, it follows we can find a sequence {Bi,j}j such that Bi,j ^ and BbBij BbBi in 
iiL Define 62 = 'Kt 2 , 2 {.OL) ~ dbBi,j, where j is chosen so that Hi'i — 6 * 2 ||i < |. Inductively, 

7rt^+i,s+i('a) — '^ts,s{c() = BbBs, for some Bs £ Li®, so there exists a sequence {Bs,j}j such that 
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(3sj G C°° and dh(3s,j —>■ dh(3s in . Define 9s+i = 7ri^^^^5+i(Q;) — db(3sj, where j is chosen so 
that ||6»s - Os+i\\s < Set 

OO 

6 = 9q + {9k+i — 9k) 

k=0 

OO 

= 9m + (^fc+1 ~ 9k). 

k=m 

By construction, 9 E and 6* ~ a in for all s > 0, so 6* G C°° and 0 ~ a in (7°°. Now, 
to prove that iitfl is injective as a map from H^{M,db) to Ht, let ai,a2 G C°° be such that 
~ 7rt o(« 2 ) in L^- By the construction above, there exist 9', 9" G such that 9' ~ ai 
in C°° and 9” ~ a 2 in C°°. It follows ~ cti ~ vrt^o(cti) in and 9" ~ a 2 ~ '^t,o{ct 2 ) in L^- 
This means 9' ~ 9" in L^, but given the way 9' and 9" are dehned, it follows 9' ~ 9" in each 
space, hence also in C°°. Thus, cti ~ 0^2 in which amounts to vrt^o being injective, thus 
bijective, as a map from db) to T-f*. Since iitfl is also a bijection from Hq (M, db) to Tit, 

the conclusion of the lemma follows. □ 

Proof of the Main Theorem for (0,1) forms: Lemma IHTTI proves part (i), then Corollary 15.51 
establishes (ii) and (hi). Lemma f5.101 proves (iv), whereas (v) is a consequence of Lemmas 15.51 
and 15.131 □ 


6. Higher Level Forms 


We set out next to outline the proof of the Main Theorem for (p, q) forms with 1 < q < n — 2. 
As noted in Section |2l the holomorphic part of the forms is irrelevant for the argument, so in 
order to simplify the notation, we shall consider only ( 0 , q) forms. The constructions in Section|21 
carry over as long as we impose that upper bound for the absolute value of the errors 6 ,^ in 
the bracket [Lj,Lj] is such that 

gee < 1. 

The construction of the global norm carries over as well, namely if (/? = X]|/|=g is a (0, q) 
form, then 




\i\=i 


where 9 ?^ is the component of 99 expressed in the local coordinates on Uy. It follows that 
the computation of the adjoint of db with respect to this norm done for ( 0 , 1 ) forms is actually 
the same for ( 0 , q) forms, so we obtain the same estimate for the energy form Qb,t{ • ? ') as in 
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Section HI 


KQb,t{^, + Kt Z Z + o((|<p|>J) + o,(||^|p_.) 

u \I\=q 

s E E ct'i'Ac-i’a+E E iKx.v)) 

V \I\=g ly \I\=q 

+ E E Qi.-A(^nx.‘p‘'„(.Kx^<pi) 

V \I\=q 


The computations for ■, ■) and Ql _ ^{ •, ■) are different, however, in the case of (0, q) 

forms than their counterparts for (0,1) forms. Let us outline first the one for + *( •, • )• 
as in the case of (0,1) forms, we restrict the discussion to a small neighborhood U', which acts 
as the model for each Up in the covering of M. 


Lemma 6.1. Let ip be a {0,q) form supported in f/', ip G Dom{db) fl Dom{dl). If [Li,Lj] = 
CijT + '^f^a^jLk + '^j^bijLl’^ + gij + t Cij, where b^, g^, and ep are C°° functions independent 
of t and Cij are the coefficients of the Levi form, then there exists 1 S> e' > 0 such that 

.)>(!-') EE EE iR:{{ciiTpi,pj)t} 

\I\=q i \I\=q i&I 

- E E EE 

/| = |J|=g \I\=q iel 

-‘EE efjifi{iLjL,{X)pj,pj)t} + t EE iR:{{eiipi, pi)t} 

\i\=\.J\=q U- ld=<? 

-* E E4SS{(eiy4^j,V;)<} + 0(|||».|||?), 


where e;^/ is the sign of the permutation changing jJ to il. 

Proof: Since p = X]|/[=g 

Bbp = EE e^^^pLi[pi) 00 qp + lower order terms, 

\I\=q i 0 
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{il) denoting the multi-index il given canonically, i.e. in increasing order. Therefore, 


iiia»’iii?= E EE4S(Lto).L(w)),+o(iiMii?+(EEiiiiiv>'iii?)^infill-) 

|/| = |,/|=g j^J \I\=q i^I 

= EEiiil^ui?+ E EEdTU‘fe).T‘to)), 

\I\=q iil \IHJ\=q m 

+ E EEdTiir‘.LL./.»’/),+o(iii»>iii?+(EEiii^-'’'iii?)= 

|/| = |,/[=g 1^7 jtJ \I\=q 10 


by the same procedure of integrating by parts and commuting as in the proof of Lemma 14.101 
The adjoint d*^'^ is given by 




E E 


4 ? L 




{‘-Pk') + lower order terms. 


\K'\=q 


k£K' 

{kK)=K' 


If we apply integration by parts to the cross terms, thus converting L*’* into Li, it follows that 


iii4*’Viii?= E E E Tff (T(»>j).T‘(w)), 


|/| = |J|=g jSI iSJ 
' ' ' ' ^ (jK)=I (iK) = J 


o 


:EEiiil4=/Iii?)> 


\I\=q i 


EEii4‘^'iii?- E EEd4rr‘44.T‘(»>.)), 

\I\=q i£l 


\I\ = \J\=qjeI ieJ 


^ ipi)t + O 

\i\=q iel 


\I\=q i 




because i = j forces I = J, but if z 7 ^ j then = efj^ and e*/- = = —e*j^, so 

Now, we add up the expressions for |||5fc(p|||j and 11 11?, unravel the 

commutators, and proceed as in T;emma f4.1 Ol to hnish this proof. □ 


Let us see what •, ') works out to be in this case. 

Lemma 6.2. Let tp be a (0,g) form supported in Lf, <p G Dom{db) H Dom{dl). If [Li,Lj] = 
CijT+Ylik^%^k + Ylik^\j^*k~^ '^gij~t Cij, where gij, and eij are functions independent 
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of t and Cij are the eoeffieients of the Levi form, then there exists 1 3> e” >0 sueh that 

> (1 -e”) 

\I\=q i \I\=q i0 

- E E EE 

I^l=l^l=<7 \i\=q m 

\IHJ\=q \I\=q iil 

hH'J\=q ’E 

1 - 7^3 

Proof: By using the same proof as in the previous lemma with t replaced by —t and then by 
converting all the Li derivatives into L*’~^ derivatives, we obtain; 

\I\=q i \l\=q i0 

\i\=\J\=q 'E 

+ o(iii^iii^,+(^ 5; iii£rV/iiiy ’ iii»>iii-.)^ 

\I\=q i 

We then unravel the commutators and proceed as above. □ 

These expressions for , ■) and Ql _i{-, ■) for (0, q) forms may seem different from their 

counterparts for (0,1) forms, but the difference only rests in two Hermitian matrices that behave 
the same way for any level of forms. The following two lemmas will elucidate this observation: 

Lemma 6.3. Let (gij) be a Hermitian matrix and let 1 < q < n — 2. Then the ("'~^) by 
matrix {Gfj) given by 

Gfi = X 9ii 

iei 

Gh^-Y.djS,’ 

ij 

^ 7^3 

where I and J are multi-indiees, |/| = \J\ = q, is also Hermitian. Moreover, the eigenvalues 
of {Gfj) are sums of the eigenvalues of {gij) taken q at a time, so {Gfj) is positive definite if 
{gij) is positive definite and positive semi-definite if {gij) is positive semi-definite. 

Proof: Given its dehnition, {Gfj) is clearly Hermitian. Also, notice that {Gfj) = {gij). Now, 
since {gij) is Hermitian, we can diagonalize it at each point, and it is easy to see that this 
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diagonalizes (G/j) as well, and that the eigenvalues of (G/j) are sums of the eigenvalues of (gtj) 
taken g at a time. □ 

Lemma 6.4. Let (hij) be a Hermitian matrix and let 1 < q < n — 2. Then the by 
matrix {Hjj) given by 

iii 

Hjj = ej j hji if I ^ J, 

where I and J are multi-indices, |/| = \J\ = q, is also Hermitian. Moreover, the eigenvalues 
of {Hfj) are sums of the eigenvalues of {hij) taken n — 1 — q at a time, so {Hfj) is positive 
definite if {hij) is positive definite and n — 1 — g > 0; {Hfj) is positive semi-definite if {hij) is 
positive semi-definite, regardless of the value of n. 

Proof: It is proven the same way as the previous lemma. We note that 

{Hjj) = (^Sij ^ ^ ha — hij^ , 
i 

so Lemma 14.141 is a special case of this one. □ 

Armed with these two lemmas and having noticed that the proof of Lemma [4.121 is unaffected 
by replacing the Levi form with some other positive semi-dehnite Hermitian form, we can 
easily see that the Lemmas 14.121 and I4.1dl generalize to (0,g) forms with minor modihcations 
of notation. It follows that the same holds for Propositions 14.151 and I4.16L since the covering 
of M was chosen so that g cg -C 1 as noted at the beginning of this section. All these results 
then imply the analogue of Propo.sition 14.11 namely the same main estimate for (0, g) forms as 
for (0,1) forms up to minor modihcations of notation: 

Proposition 6.5. Let 1 < g < n — 2 and (p be a (0, g) form supported on M, a compact, 
orientable, weakly pseudoconvex CR manifold of dimension at least 5, and let M be endowed 
with a strongly CR plurisubharmonic function X as described in Section If P satisfies p G 
Dom{db) n Dom{d^), then there exist constants K, Kt, and K[, and a positive number Tq such 
that for any t >To, 

IIQb,t{p, p) + Kt iic.®LLv>riiAuiMiL>*(M)t 

u \I\=q 


The different expression for Ql Qt{-, ■) that one obtains for (0, g) forms by plugging f = 0 
into the expression for + 1 (‘ > ') from Lemma 16.11 does not affect the proof of Lemma 14.171 
hence we obtain the same result for (0,g) forms; therefore, the same is true for Lemma 14.181 
which is based on it. This version of Lemma [4.181 then allows us to extend to (0, g) forms all the 
results in Section pertaining to (0,1) forms, thus completing the proof of the Main Theorem. 
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7. The Garbing Inequality 

The following version of the sharp Carding inequality can be found either in |TH] or derived 
from the scalar version in [7j: 

Theorem 7.1. If P is a matrix first order pseudodifferential operator with positive semi-definite 
symbol, then there exists a constant C such that Re{{PijUi,Uj)} > —G||m|P for any vector 
of smooth functions u. 


Lemma 7.2. Let R be a first order pseudodifferential operator such that a{R) > k where k 
is some positive constant and let {hif) be a positive semi-definite matrix. Then there exists a 
constant C such that Re{{hijRui, ufi} > k JfijihijUi, uf) — G| |m| | for any vector of smooth 
functions u. 

Proof: Apply the previous theorem with P, where Pij = hij{R — k) which is positive semi- 
dehnite, given the hypotheses. Therefore, there must exist a constant C so that 

'^Re{{PijUi,Uj)} > -G||m|| 

ij 

t 

Re{{{hijR - Khij)ui,Uj)} = '^Re{{hijRui,Uj)} - > -C\\u\\, 

ij ij ij 

because {hifi is positive semi-dehnite, so uf) is real-valued. Rearranging this inequal¬ 
ity we get precisely the conclusion of the lemma. □ 

8. Main Estimate Computation Details 

The hrst lemma shows that compositions of pseudodifferential operators whose symbols have 
disjoint support are smoothing operators, hence easily controlled by the error of order zero. 

Lemma 8.1. Let Pi and P 2 be two pseudodifferential operators with symbols cr(Pi) = pi{x,f) 
and a{P 2 ) = P 2 {x,f) respectively, which satisfy supp{pi{x,f))r)supp{p 2 {x,f)) = 0. Then the 
composition P 1 P 2 is a smoothing operator. 

Proof: This is an elementary fact which follows from the pseudodifferential operator theory in 

m □ 

Relying upon this result, we now give the details of the computation of the adjoint Bf, 
Lemma 14.81 and that of the energy form. Lemma 14.9L which were omitted in Section 0] 

Proof of Lemma 14.81 The proof proceeds in two steps. First, we exploit 

{\f,dltT\)t = {\dbf,T\)t 
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in order to obtain an expression for Second, we compare this expression with the one 
claimed for and compute the error Et to show it has the desired form. 

Step 1: 


V 

Let iis look at since the other two terms will behave in a similar 

manner: 

= (aCt'l'ACe/'.C'l'ACe^''), + (It'l'ACeAlt/'.Ce'l'ACets'’), 

= i.EK.cj\ (5; - m, \])Ln.x.O, 

+ ([Cel'lXe, 4lCe/", C.'K.C.V’l, 

+ (r.Ce(>l'A)'CeK -‘K.Al.C'l'ACelCett-), 

+ ([e-'t'PAlCr.CeR -iK,A],Ce>l'ACelC-«t'')„ 

+ (r.CelCe'LTCe.aTCe'LTCeV’"), 

+ ([e-“, |6«ACe, 9i]]CJ-, Li't.C-v''),, 

where [•,■]* is the adjoint of the commutator [ •, ■ ]. Then, 

(Ce'tACeAr, Ce'l'ACets’'), = (Ct'KACeT. Ce'l'ACe® “ (K.A])^"), 

+ (r. Ce(>LA)'CeK - A], A'tACelA*’"), 

+ (r, Ce|e-“, 'tAl'CeK - «K. A], A'tACelA»>‘')„ 

+ (r. AlA'I'ACe. AlAel'ACeV-), 

+ (r, A|e-‘', [Ai'ACe.Aii'A>i'ACe^‘')„ 


Let 


(/“. c(>i'A)*Ce[A - * 14 *. A], AsACel A^"), = i- 
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Since E„Cii = land ('ll,+ ('•'“i.)*'*'?,).+ ('*'«,= W we have, 

I = E ('•'iteCA. 'SLiM^t.rUd; - m, x], 

+ E c^LCer. 'I'?, A,.Ce('i'A)’cR - tR. A]. t'i'Acjc*’"), 

+ E ('J'.TAeA. 'I'ACCe(>I'A)'CeR - ‘K. A], t>I'ACe|Ce*>'‘), 

= E (i^ACa/", Ce'I'AC.Ce('I'A)-CeK - IR. A], 

+ E (/'• c,.('i'L)*C-e““C.'i'?, A,.C(>i'A)’CeR - « 1 R. A], C'i'ACelCvOo 

+ lower order terms 

because C/d dominates C/t and the principal symbols of \bC/d and '1/^^ have disjoint supports in 
C space after transferring one to the other via some diffeomorphism taking to Ufj,. In other 
words, all the other terms are of order —1 or lower. 

Similarly, let 

= II, 

then 

// = E (d4',t,.Cer. C'l'ACCefe'I'yCe, 4|-Ce>I'yCe¥>'‘), 

+ E (A. Ca('i'L)‘c-e““Ce'i'?, ykeicv'tyce, 

/A 

+ lower order terms. 

Let {Cv^t,vCvdbf''~ III- above means 

III = (dKxm. - iR. ADt^-), 

+ E ((C'l'ACe/". Ce'i'Ac.CeiC'i'ACe, hrm.c.r-), 

/A 

+ (CeSyCe/', i'I'ACeCe(>l'A)*Ce[Si* - *[4*, A], 

+ (/'‘.Ce('I'?,a)'Cee-%'I'L«e(>I'A)-CeR - *R. A], Ce>I'ACe|Ce»>'‘)„ 

+ (/". Ce('l't)’dc"“d'>'LCeCe|6'l'ACe, 4l'Ce'l'ACeR)„ ) 

+ (r, Ce[e-‘\ 'Pyi-tK - iR, A], Ce'I'ACelt«^‘')„ 

+ (/“. Cele-“. a||*Ce'I'ACe^‘')„ 

+ lower order terms 
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Similarly, let {Cu'^t,Xudbf'' 


IV, then 




+ (L'l'AC/". C,.>i'GCA4>t,T)‘LB + *K. a|, L'T, 

+ (/". +‘KTi. t'l'ac.iL^") 

+ (r. c.|e“. 'I'rJ’CK + <[«. ^1. 

+ (r. Lk't diWlKx.f''), 

+ lower order terms. 


For the zero norm, the following suffices: 



(L'tUc/^, + (cyAc/^, |0;.L>i'Acjcy)„ 

+ (r.LlL>tLc...4]‘L'tLLv>'')„ 

(6 cyLcJy"), + (/". (.(sD'ctK, LsAcjiA 
+ (r.L[CYLc.'5TL'tLcY)„ 



64 


ANDREEA C. NICOARA 


Finally we get, 

(I/. dlM), = T, (- tK. 

1 / 

+E E 

u 




+ - iKAl.C^AClCv"), 

+ (C'i'«ACr.C„'i',:AA.('i',:J'C4as’ + «[4', a], 

+ E 

U 

+E 




.C4e““.®Al*C.K - iK.Al.CSACJC^j"), 
+ (r,c4e-“, 

+ (/", C4e‘\ >I',:J*C44* + *K. A], 

+ ir, <Ae‘\ 


E E 

1/ ^ 




+ (/"■ c.(®L)'Ce““c„'i'?, a,.c4®A)’C44' - «[4', A], 

+ (A. C„('i'L)’Ce“C„>tt«-'('i'a)*iK + 

+ (/) >S't,+ y^)o + (/, 5'i^_ (^)o 

since the lower order errors for the t and —t norms can be rewritten so that they can be 
represented by two t dependent pseudodifferential operators of order —1, St,x and St-- On 
each Up, we dehne operators ^t,p ^t,p fulfilling Property f on pageUHl 

Step 2: The expression for is so long that it cannot all be handled at the same time, so we 
split it as follows: 

Let 

^ = a; - (A| + cj$a,K. A], 
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B = Y. A|, 


and 


C = E (Cp('|'L)‘ 4[4* + ‘K. A], + C&'i'LCp. aJ'O'i'LO)' 

P 

First we compute (|/, A(p|)p 

{\f,A<p\),^Yl ( -1 +*ECp®<tB.ad¥>- 

i/ ^ p p 

+ (L>tLor.L'i'LL(4‘ - *E d®UK' + * E d®u[4*. AD^") 

P P 0 

+ (6>t,:.cr.- *E Cp®GK. ai + * ADt^") 


— t 


Rearranging the terms and commuting '^f p and ^t,p outside of we obtain 

>}f,Av>\), = (i/.4>i), + E (-*(t>tAc.r.L'i',t„®,L«pK.A]^‘'), 


v,p 


- i(L®Ac-r.6®LI«",®uiK,Aiv"), 

+ «(c-»Ac>./D L»A®.:Ad[4’. A]^-), 

+ «(L»Acud ct'i'Alc.Cpt ®,:pll4’. A]^"), 

+ (Cp>tLCpr. L'I'Ll(-*Cp®;p 14*. A] + iCp$,:pK, ai)^”)^ 

-i(L'i',:pCpr.Cp'i'i:p®tpCpCpK.A]^‘')_, 

- ((Ls-Dptr. CpS-iTpICpCpD ® A 114*. A]»’'')_, 

+ Kc.Kx.r, Lk.kmM’ ai^")., 

+«(Cp>t,:pCp/D Cp>^,:p[CpCp^ ®,:p]R. ai^")., 


Since the symbols of and 'hj ^ are identically 1 on Cp and Cp respectively, the symbols 
of the commutators [CCpj^tp] [Ci^Cp; ^i~p] cire supported in Cp. Moreover, by part (i) of 
Property fjf n f/p ^ 0 or by Lemma O otherwise, '^t,u^t,p, ^t,AC>yCp,^T,p], and 

^t,iXCvCl)^t,i] are smoothing operators. Also, by part (ii) of Property f, up 

to lower order terms for all p such that U,^ f] Up ^ ^ and is a smoothing operator by 

Lemma l8. II otherwise. Similarly, up to lower order terms for all p such that 
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Uy r\Up ^ % and is a smoothing operator by Lemma |H3 otherwise. This means 

UiynUpT^di 

- cMjUi, ®;j 14*, 

+ (c-®?/./". c.»tc(-«Cp$AK. A] + iCp"$,:,K, \w\ 

+ $AIK, A|<f>‘')_,) + (/, -4_i If.);,, 


where the lower order errors are rewritten so that they can be represented by a pseudodifferential 
operator of order —1 denoted by A_i. For the first two terms of the sum, pull 'Yhp inside in 
front of Cp and notice that J2pCp — 1) {\f,Aip\)^ equals the following: 

(I/, -4 »>!>, = (I/, 4>i),+E (- LnxM,>i¥>n, 


+ t(L^7.X.r, iKXM.A'f'")., ) 

U P 

UunUpj^fd 

+ (r. Cp(>t^)‘S'i'Ac(-*Cp®AK. A| + 

+ t(r.c.('ti:p)’g4',:p|CpCp,$,:p]K.A]4,>')_,) + 


Before we compute {\f,Bip\)^ notice that each term in B is a composition of pseudodif¬ 
ferential operators from which at least one has a symbol supported in C^. This implies 

J2iy(Cu'^t,uCuf‘',Ci^'^t,uCiA{B is a smooth error term. Next, notice that if we write B = 

'Yhp^pi each p. Bp is supported in Up, so all terms in the norm corresponding to neighbor¬ 
hoods Uy such that Uy H Up = (/) are likewise smooth. Thus, 


(|/.b4=i>, = E E ((c.'i'ACpr.c,-»AcAp[Cp'i'ACp.ftl’Cp»ycpv‘' 


UuUUp^fd 


(xnx.r, L'itx.un.nASt - tiat, A|, CpS-ACiCp^"), 

(ci'!',pCpr,c>tcXp(»A)’4K-‘K.A],Cp>i-^pCjCpv‘')( 

smooth errors. 


Again, before we compute (|/, C(p\)^ we note that each term in C is a composition of pseudo¬ 
differential operators from which at least one has a symbol supported in C~. By the same logic 


GLOBAL REGULARITY FOR db 


67 


as above, then 


U P 




+ (C't.vcu", c.nxxAnfr<M+ «k. aj, Cp>i',:/pi4»’'')_, 

+ t'i'LcTpl&'tGO. StlXxKpCvX,, 

+ (c->t,vcT7 t'l'iVcTplc,'!',:/,. 4]*C4', 

+ smooth errors. 

Next we add {\f,A(p\)^, and {\f,B{p\)^, and {\f,Cip\)^ and by comparing this sum with the 
expression for {\f,dl^^ip\)^ obtained in Step 1, we see that {\f,Etip\)^ equals the following: 

{\f,E,-p\)i = Y. ((/7 UK.)‘U9i,+ (r. 


UKuT'CnAUl. 'I'AIK. Alv"), 


U P 

UunUp7^(d 

- (r. aK.yS^lxA-tC;nM, x] + ad^-), 

-tu\UK.rS'KjuA9M-9]pn_, 

+ ir, u<iix'Ee-‘’'E9UxAE'i‘t,E> 9,\%<st^Ep\ 

+ {rxu{^%)%e-‘^iuKxxAK,nA9t - tpixu.'nixAEpn, 

+ U\ UKA’E‘''iA.XXAKA’iABt + m, A|, E-izxAEp“\ 

- ir,CA'i'lA’?AUplEn,E- 

- (r,CA'KA’?AUA'KA%l9t - tld;,x],(,i>tMEpA„ 

- (r,CA'KA'?AUp('KA’(Adt + 1[4*.A], E^XAEpA, 

- (r,(A'i'lAXu'iUXAXn,X.XXX^ iXi'PA^ 

+ E ((A- HA’CASl - *R. x],I^IxaIpA„ 

V 

+ (/7 c[e-‘t [xnx., aArx^tx.pA„ 

+ if, C[e‘\ KAXASt + «K. A], t>i',vcJC.^‘')„ 

+ (f. CAe‘\ [X%X., h\\’X^p^X.p\a, 

+ (/»A'f ¥’)o) 
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where St includes St,+ and St-, the pseudo differential operators of order —1 from the expression 
for (I/, as well as all the other lower order errors arising from the computations of 

(I/, and (|/, B ^\)^, and (|/, C Using the self-adjoint t dependent pseudodifferential 

operator of order zero Gt from Corollary 14.61 and remembering that the weight functions for 
the t norm and the —t norm are and respectively, 



+ Jc.Cp^ [d;, A] 

1 / p 

Uur\Up^(h 

- + kIkM’ A]) 

+ai’Cp'pyc, 

+ A], CAACdi 

+ a(»?, j-ce“c'i'?,„cA,i4'i'ACp- ai’O'pppO 

+Cp(>t?,„)Xpe“t'i'?,XpC(>t,:,)*CpK+ m, a], 

- (.(S'? j-g'i'tCpC.io'i'ACp. 

- U<.)Xl'KMK,)’Usi - m, A], O'i'AOlCp 

- uK.)GKM'Kj%n + «K. A], 

+ E (- iK. A]. C®Acjt 

V 

+ C[e*\ ^TjXAdt + A], 








Notice that Et is a pseudodifferential operator of order zero and all of its top order terms are 
compositions involving 4^°^, its adjoint, or one of the commutators [GCpj^tp] [Ci^Cpi ^i~p]) 
all four of which have symbols supported in for the first two and C° for the other two, which 
finishes the proof of Lemma 14.81 □ 


Here is the second proof postponed from Section lU 
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Proof of Lemma 14. We just need to compute the square of the norm of dl^^p. Since 
= A + B + C + Et^ 

mM)l = + (I^^D? + (Ic'v^D? + {\Et^\)] 

+ 23?{(|A^,S^|)J + 23?{(|A(p,C'^|)J + 23?{(|A(p,i?,(p|)J 
+ 23?{(|S^,C(p|)J + 25?{(|S(p,i?,(p|)J + 23?{(|C^,i?,V^|)J 

By applying Lemma EI3 to the cross terms with a very small e for the hrst three and e = 1 for 
the other ones, the previous expression can be rewritten as follows: 

{\Bb,M)i + {\Et^\)‘l> {I -3 e){\A ifiD'f 

( 8 . 1 ) 


We thus need to compute (1^4(p|)^, (|C'(^|)^, and (p|)^. 


(Uv>i>? = E 

V 



t E d'i'AK> ^1 + * E d'i'LK. •'!) V 


+ 


+ 


vKMS; -1 E CpKM’ ^1 + ‘ E 

p p 

- *E Cp$hR. Ai+i E >'W 

p p 



—t 


2 


t 


Let us analyze hrst the t norm term. The symbols of and '^t,p have disjoint supports by con¬ 
struction, so the pseudodifferential operator p[Bb ^ A] is smoothing. By Lemma UTl 

we obtain: 


WMai -1 E d'i't.K. ^1 + * E ^1) 


LnpUat-tJ2<pnAt,\])v' 


+ r 




>(l-e) 


-1C^p^pidt, A]) 


+ 0,(11^11^) 


2 

-|- cross term 

t 


t 
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where e is a small positive number. Next, 


p 

inMQ. - 1 A] - tj2icxi, ® ai r. ai + ic. s;i) v- 


> (1 - e) 


4-) 


A]) ¥>* 

p 

Cu'^tuiiCu, B;] - tJ 2 [Ul ^tp] [B*b, A]) 


2 


t 


Since is inverse zero order t dependent, —t[CuCp^ bounded independently of t. 

[Ci/, is of order zero and independent of t, so 






= 0(IIMII5). 


As in the proof of Lemma 14.81 by part (ii) of Property f on page [THl H^Hp = Hu up 
to lower order terms for all p such that Uy (1 Up ^ ^ and is a smoothing operator 

by Lemma 18.11 otherwise. The terms containing these lower order errors can be thrown into 

Ot(| |(p| l^i). Thus we can split | \Cu'^t,u{BlCu -^Y^p HpCHpH, A]) Lp''\\ ^ into the relevant terms 
and the lower order ones and take care of the cross term using Lemma 14.71 to obtain 





2 


t 


> ( 1 - 2 £) 


-1 E C-dK. A]) 

p 


2 


+o(iii(piii?)+o,(iiv.ir_,). 


Finally, ^.pCp = 1, so 

- t E CHp[B;, A]) 

P t 

>(l-2e)|||C>+.(4*-t[a^A])C7>1llE0(lll^lll')+0*(ll^ll^ 
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So then we sum over v to obtain 

5^ - ECp$AR.A] + *Ead v' 

V p p 

>(i-UE lll<-'^LK-*K.A])Cv>1ir, + o(IIMIl5) + o.(ll»’llL) 

u 

Similarly, 

E c.'t.vcDA -1 E A®AiA*. A]+1E A®ak. A]) 

u p p 

>(i-£')E IIIC.LT( 4 ' + DADA|)C.v> 1 ll!. + o(lll»>lir-,) + o,(ILirAi) 

V 

Now, let US now deal with the zero norm term in the expression for {\Aip\)‘^^ : 
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( 8 . 2 ) 


— t 


(8.3) 


IK.iM -1 E A) +«EA]) 


= llc.'i'AcAkV" 


+ i" 


Ef-®?.T-C'1'AK.A1»;‘ 


+ i' 


EC-'fLCXj'i'DpR.Ali^' 


- 2t E »{(A®AcA>d cpiUA'KAd;, ai^Do) 

p 

+ 2(E»{(LJ'ACA>DC>tAC4®,TR. A]»>D„} 

p 

- 2 E A]»>D A|»>D„} 

p,p 

Now using Lemma 14.71 on page ESI and summing over u, we see that for some small e > 0 

E -‘Ed$AR,A] + fEd^AK.Ai)^" 

u p p 

>(l-2e)EllL'I'ACAAIlEA'5Z E4'I'AC4$AB,A|<f>-' (8.4) 

U V 

- A" E E ts-Ac^AJcDA. A]*’" 


0 
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Put together I8.2L 18.31 and 18.41 to obtain 
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+ 0({|,>|)^)+0,(11^11= i) 


As in Section|2l let — t[d^, A] = + t[d^, A] = d^’ , and = 9^’° so then 
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Since 


+o((M)f)+o,(ii^irij 


B = E (CHIC'S,!/.. 41-4'i't^ + 0('i'A)'CK - *K. A|, c>tACJ&) 


(8.5) 


and is inverse zero order t dependent, [dl—t[dl, A], Cp'^tpCp] can be bounded independently 
of t and 

Similarly, since 

c = (Cp(^i:p)tp[4* + m, A], CpV&tTpCpiCp + qcp^pCp, d,]%^T,pCp) 


and p is inverse zero order t dependent, [d^ + t[dl, A], can be bounded independently 

of t and 

{\C^\f,=0{{\^\f,). 

Lemma f4.8l established that was of order zero and its principal symbol was supported in C°. 
The lower order terms are controlled by Ot(| Iv^l |?-i), as for the rest, let dominate ^ and 
be also supported in C°, then there exists a t dependent constant Kt such that 
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Notice that Kt grows exponentially with t since the sum it multiplies has to dominate squares 

of t and —t norms of terms of Ef and these norms have weight functions which are exponential 

~ 2 

in t. For Kt large enough, Kt^lu IIq controls 


and 




7*'E 


0 

v2 


two of the terms in the expression 18.51 We conclude that must satisfy 

+ o.diviiL) 

1/ 

>E IIIC-'®L9»’*c-^‘'IIIgE ll6»Ua4"VllNE I lie.®, t4'’■(.»>- 


( 8 . 6 ) 


I-U 


follows. 


where K is independent of f (iF = ) and Kt has been slightly increased. The lemma 
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